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MuLYAVA O.!, TRUKHAN YU.2

ON MEROMORPHICALLY STARLIKE FUNCTIONS OF ORDER « AND TYPE B,
WHICH SATISFY SHAH’S DIFFERENTIAL EQUATION

According to M.L. Mogra, T.R. Reddy and O.P. Juneja an analyticin Dy = {z : 0 < |z| < 1}
function f(z) = 1 + Y% ;| f,z" is said to be meromorphically starlike of order « € [0, 1) and type
B € (0,1]if |zf'(z) + f(z)] < Blzf'(z) + (2a — 1)f(z)], z € Dy. Here we investigate conditions
on complex parameters o, 81, Yo, Y1, v2, under which the differential equation of S. Shah 22w’ +
(Boz% + B1z)w' + (70z* + 71z + 72)w = 0 has meromorphically starlike solutions of order a € [0, 1)
and type B € (0, 1]. Beside the main case n + 5 # 0, n > 1, cases v, = —1 and 7y, = —2 are consid-
ered. Also the possibility of the existence of the solutions of the form f(z) = % +Y 0 fuZ,m>2,
is studied. In addition we call an analytic in Dy function f(z) = 1 + Y7 ; f,z" meromorphically
convex of order a« € [0,1) and type B € (0,1] if |zf"(z) + 2f'(z)| < Blzf"(z) +2af'(z)|, z € Dy
and investigate sufficient conditions on parameters By, 81, o, Y1, 72 under which the differential
equation of S. Shah has meromorphically convex solutions of order « € [0, 1) and type B € (0, 1].
The same cases as for the meromorphically starlike solutions are considered.

Key words and phrases: meromorphically starlike function of order « and type 8, meromorphically
convex function of order « and type B, Shah'’s differential equation.
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INTRODUCTION AND PRELIMINARY LEMMAS

An analytic univalentinID = {z : |z| < 1} function

f(z) = iofnzn (1)

is said to be convex if f(ID) is a convex domain. It is well known [2, p. 203] that the condition
Re{1+zf"(z)/f (z)} > 0 (z € D) is necessary and sufficient for the convexity of f. By W.
Kaplan [4] a function f is said to be close-to-convex in ID (see also [2, p. 583]) if there exists a
convex in ID function @ such that Re (f'(z)/®’(z)) > 0(z € D). A close-to-convex function f
has the characteristic property that the complement G to the domain f(ID) can be filled with
rays L which go from 0G and lie in G. Every close-to-convex in ID function f is univalent in ID
and, therefore, f'(0) # 0. Hence it follows that a function f is close-to-convex in D if and only
if the function

§(z) =z+ ) gnz" (2)
n=2
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is close-to-convex in ID, where g, = f,/ f1. We remark also, that a function defined by (2) is
said to be starlike in ID, if g(ID) is a starlike domain with respect to the origin. It is clear that
every starlike function is close-to-convex.
S.M. Shah [8] indicated conditions on real parameters By, B1, Yo, v1, 72 of the differential
equation
20" + (BoZ* + pr12)w’ + (702° + M1z + 12)w =0, ©)
under which there exists an entire transcendental solution given by (1) such that f and all its
derivatives are close-to-convex in ID. In particular he obtained the following result: if 1 + v, =
0,-1 < B0 <0,B1 >0 =0and —B1/2 < 71 < 0, then equation (3) has an entire
solution (2) such that all g(”) (n > 0) are close-to-convex in ID and In Mg(r) = (1 + o(1))|Bolr
asr — 400, where M¢(r) = max{|g(z)| : |z| = r}.
The investigations are continued in papers [9-14]. In particular in the case of complex
parameters Bo, B1, Yo, v1, 72 in [13] it is proved thatif yg = 0, 1 + 72 =0, Bo # 0, |B1] < 2
ng 2UB [+ M)
2 — B

are starlike and, thus, close-to-convex in ID and In Mg(r) = (1+0(1))|Bo|r as ¥ — +co0. An
analog of this assertion for convex functions is obtained in [14], where it is proved that if vy =

2 + In2
0,B1+72 =0,B0 #0,|B1] < 2and 1]+ I7al)

< then equation (3) has an entire
2 - [B1] 2

solution (2) such that all g(”) (n > 0) are convex in ID.

Let X be the class of functions defined by

f&) =1+ LA @

analyticinIDy = {z: 0 < |z| < 1}. A function f € X is said ( [3,5]) to be meromorphically star-
like of order & € [0, 1) if Re {—zf"(z)/f(z)} > a (z € Dy), and is said to be meromorphically
convex of order « € [0, 1) if Re{—(1 +zf"(2))/f'(z)} > a (z € Dy).

Conditions on complex parameters By, B1, Yo, Y1, 72 under which Shah’s differential equa-
tion has meromorphically starlike and meromorphically convex solutions of order a € [0, 1)
are investigated in [1] . It is known ( [1,7]) that if

|2f'(2) + f(2)] < [2f'(2) + (22 = 1)f(2)]| (5)
for all z € Dy then the function f is meromorphically starlike of order « € [0, 1).
By B. Uralegaddi [15] a function f € X is meromorphically starlike of order g € (0, 1] if

2f'(z) + f(z)] <Blzf'(2) — f(2)], z €Dy (6)
Finally, combining (5) and (6), M.L. Mogra, T.R. Reddy and O.P. Juneja [6] called a function
f € ¥ meromorphically starlike of order « € [0, 1) and type € (0, 1] if

2f'(2) + f(2)| < Blzf'(z) + (22 = 1)f(z)|, z €Dy,

and proved the following lemma.

< In 2 then equation (3) has an entire solution (2) such that all g(”) (n>0)

Lemma 1. If

(9]

Y ((M+B)n+p2u—1)+1)|ful <2B(1—a), 7)

n=1
then the function defined by (4) is meromorphically starlike of order « € [0, 1) and type €
(0, 1].
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Here we investigate conditions on complex parameters 8o, B1, Yo, 71, 72 such that equation
(3) has meromorphically starlike solutions of order a € [0, 1) and type B € (0, 1].

We need also the following lemma [1].

Lemma 2. A function defined by (4) is a solution of equation (3) if and only if

2-B1+72=0, —Bo+711=0,7%+201+72)1=0, 32+72)f2+271/1=0 (8

and forn > 3

(n+1)(n+72)fu +1y1fu-1+ Yo fu—2 = 0. ©)

1 MEROMORPHICALLY STARLIKE SOLUTIONS

We assume that

n+v#0, n>1 (10)

Then equalities (8) and (9) yields that if 79 = 0 then all f, = 0, that is, the condition (7) is
equivalent to the condition 0 < (1 — a). Therefore, the following statement is true ( [1]).

Proposition 1. If B1 = 2+ 72, Bo = 71, Y0 = 0 and condition (10) holds then differential
equation (3) has the solution f(z) = 1/z, which is meromorphically starlike of order &« and
type B for eacha € [0, 1) and g € (0, 1] .

27
Now we assume that 79 # 0. Then f; —3 ( 1 —l—’)/ K fr = m f1 and
fn=— " foo1— 70 fn—2. Using these equalities and Lemma 1 we

(n+1)(n +72)
prove the following theorem.

(n+1)(n+ 72)

Theorem 1. Leta € [0, 1) and B € (0, 1]. If By = 2+ 72, |12] < 1, Bo = 71 then differential
equation (3) has a solution given by (4), which by the condition

(1+ Ba)l7ol (G atmpn| @41+l
I =20 )<1 30+ ap) 2 7al) 4<1+a5><3—mr>) 1

is meromorphically starlike of order « and type .
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Proof. Since |y2| < 1 then (10) holds and from the indicated above equalities for f; we obtain

; (1+B)n+p2a —1) + 1)|ful =2(1+ pa)|fi + (3 + (1 +2a)) | f2]

- niy1 Y0
+n; (1+B)n+pa—1)+1) (Hl)(nﬂz)fnfw(Hl)(nﬂ)fnz

<21+ pa)|fil + (B + B(1 +20)) | f2|

B

=201+ Il + G-+ B+ 201

YN EY CEUEA

5 (2P0 D rp— )y

= 201+ pa)lfl + (3-+ (1 + 20) |y - L2 g

e T iy e
whence

L (1~ G g T F 2y 5 e 3 =D

(n+3+pB(n+1+2a))|yo
_(n+3)(n+1+fs(n_1+2a))(n+02_|72|)>((“ﬁ)”*ﬁ(z"‘_l)“)'f”'
. 2B+ B +2a)) |1l 208+ B(1+2a))|71]
(A +pa)[ 70|
1=y

(12)

=21+ pa)lfr] <

, (n+2+ (n+2a)p) n+1 ,
) Since the sequences <n FTHBn—1 +2(x)> ((n e ’72’)> are decreasing
t
" (1 Dnt2+ WPl G+A+wBml gy
(n+14p(n —1420))(n +2)(n+1—=[12]) =~ 3(1+aB)(2 = |r2])’
and by analogy
(n+3+ Bl +1+20))\7o| . 2+B1+) "

(n+3)(n+1+p(n—1+42a))(n+2—[72) ~ 4(1+ap))(3 = |72])
Condition (11) implies the inequality
B+ A+20)p)ml (2+B(1+a))nl

31+ap)2—|r2l)  4(1+ap))B—[12l)
Therefore, from (12) in view of (13) and (14) we have

B2 CHBO+D0l ) 2 gt plon
(1 S 47 o) 300+ a6 o) By A+l 415

<1

< (L4 Ba) |70
- 1|y
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whence in view of (11) we obtain inequality (7). By Lemma 1 function (4) is meromorphically
starlike of order « and type B. O

Now we consider the cases where the condition (10) does not hold. At first, we assume that
14 792 = 0. Then in view of (8) 79 = 0 and we can choose f; # 0, because if f; = 0 then in
view of (8) f, = 0, and in view of (9) all f, = 0 and we come to the case f(z) = 1/z, which we
considered above.

We assume that f; = a®> # 0 and 7 = 0. Since 2 + 9, # 0, we have f, = 0 and in view of
the equality 7o = 0, all f, = 0 for n > 2. Thus, the solution has the form f(z) = 1/z + a?z =
a(1/(az) + az) = 2aJ(az), where ] is the function of Joukowsky. Therefore, using Lemma 1,
we get the following statement.

Proposition 2. If 1 = 1, 7o = —1 and Byp = Y1 = Yo = 0 then differential equation (3) has
the solution f(z) = ] (az), which by the condition (1 + Ba)|al> < B(1 — &) is meromorphically
starlike of order «x and type .

If 1 # 0 then in view of the equality 7y, = —1 from (8) we have f, = —2v;f1/3 and since
n

Yo = 0, we obtain f, = — fn 1 for n > 3. Using the recurrent formula we prove the

following theorem.

Theorem 2. If 1 =1, 2 = —1, 70 = 0, Bo = 71 # 0 then there exists a solution given by (4)
of differential equation (3), which by the condition

3+ B+ 24p
3(1+ap)

is meromorphically starlike of order « and type f.

Iml <1 (15)

Proof. Since, as above,

o]

Z((l +B)n+B2a —1) +1)|ful = 2(1+ )| f1]

n=1

i (1+B8)(n+1)+BR2a—1)+1) (n+1)|7]
=  (A4+pfn+pRa-1)+1 ((n+1)2-1)

<201+ pa)lfi] + Z 3*&*@2";“@” ((1+ By +2a —1) +1)[f],

(L+ B+ p2a —1) +1)|ful

then by the condition (15) we have

<1 %! 1!> 2 (1 pn o+ pRa = 1) + 1Ifl <201+ pa)fa

Therefore, if
3+ B+ 2uap
< _ T F =P
20+ plfil <280 -0 (1- 5L ), (1)
then by Lemma 1 the function given by (4) is meromorphically starlike of order « and type . In
view of the arbitrariness of f; and the condition (15) we can choose f; such that the condition
(16) holds. O
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Now, let 2n~|— 72 = 0. Then 1 = 0 and from (8) and (9) we obtain f; = y¢/2, y1/1 = 0 and
fon=— n 70 fu—2 for n > 3. Hence it follows that either f; = 0

HE)m—2" T mr D=2
or y1 = 0, and f, may be arbitrary number.
At first we suppose that f; = 0. Then 79 = 0 and forn > 3

__ nn 7l ™ "2
|fﬂ| - (ﬂ—i—l)(j’l—Z) |fn—1| < n_12|fn—1| < (n—Z)l(n—S) |fﬂ*2| <. < (nl_z)!|f2|'

Hence it follows that

o0

Y (T4 B)n+pa—1)+1)|fu] < (34 B+2ap)|f2|

n=1
M|

# 1 ((0+pne+ pn =1+ )P = Koo DI

where K(a, B, |y1]) = const > 0. Since f, may be arbitrary the following proposition holds.

Proposition 3. If v, = =2, 81 = 79 = 0, Bo = 71 # 0 then for eacha € [0,1) and B €
(0, 1] there exists a solution given by (4) of differential equation (3), which is meromorphically
starlike of order « and type B.

Now, we assume that y; = 0. Then f; = 70/2, f, may be arbitrary and

_ |70l
| ful _m|fn—2| for n>3.

Using these relations, we prove the following theorem.

Theorem 3. Leta € [0,1) and B € (0, 1). If yo = —2,B1 = Bo = 71 = 0 then there exists a
solution given by (4) of differential equation (3), which by the condition

(1-+ pll < 2p(1 - (1 - EELEEI0D) )

is meromorphically starlike of order « and type f.

Proof. Since f, may be arbitrary, we set f, = 0. Then

a (A+B)n+p2a—1)+1)[yol
HX:: 1+:B n+ﬁ( “_1>+1>’fn’ _2(1+“ﬁ ’f1’+ X_: (n+1)( 2) 0 ’fn—Z‘

=201+ ap)lp |+ 3 (LR DR D Dl g,

and, thus,

= (1 (A+B)(n+2) +B(2a —1) + 1) 70 ) -
Z<1 ((1+ﬁ)”+5(20‘—1)+1)n(n+3)>((1+ﬁ) +p20 = 1) + 1) ful

<2(1+ap)|fil-

n=1

Bu
t (1+B)(n+2)+Ba—1) + Dol _ 2+B(L+) 70l
(1+pn+pRa—1)+1)n(n+3) — 4(1+ ap)
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Therefore,
(1- LR 5 (1t gyt p2a— 1)+ DIf | < (1 + B,

n=1
whence in view of (17) we obtain (7), and by Lemma 1 function (4) is meromorphically starlike

of order a and type . O

Finally, we consider the case, where equation (3) has a solution of the form
1 m
f(z) = - + Y fuz', m=>2, (18)
n=1

where f,; # 0. Equality (9) yields that
(m+2)(m +1+72)fms1 +my1fm +v0fw—1=0 and

(m+3)(m + 2+ 72) fns2 + (M + )71 fms1 + v0fm = 0.

Since fi+2 = fm+1 = 0 and f,; # 0, the second equality implies the equality o = 0 and
consequently the first equality implies the equality y; = 0. Therefore, in view of (8) and (9)
(n+1)(n+2)fs =0foralln > 1. Since f;;, # 0,som+ vy, =0. Thusn+yp # Oforalln # m
and, therefore, f, = 0, except f;;, which may be arbitrary. Hence it follows that the solution
given by (18) is possible only if m 4 > = 0 and is of the form

f(z) = %—l—fmzm, (19)

where f,, is an arbitrary number. (It is easy to verify directly that the function (19) is a solution
of equation (3)ifand onlyif Bo = yo =711 =2—B1+ 12 =m+ 72 =0.)

Foreach « € [0,1) and B € (0, 1] we choose f; such that ((1+ p)m + B(2a — 1) +1)|fi] <
2B(1 — a). Then the function (19) is meromorphically starlike of order « and type f.

2 MEROMORPHICALLY CONVEX SOLUTIONS

We call a function f € £ meromorphically convex of order « € [0,1) and type 8 € (0,1] if
|2f"(z) +2f'(2)| < Blzf"(2) +2af'(2)], z €Dy
Clearly, f is meromorphically convex of order a and type B if and only if ¢(z) = —zf'(z) is
meromorphically starlike of order a and type B. Since ¢(z) = 1 — il nfyz", by Lemma 1 the
n—

condition
(o)

Y (A +B)n+p2a —1) + 1)n|fu| <2B(1—a), (20)

n=1
is sufficient in order that f is meromorphically convex of order « € [0,1) and type B € (0,1].
Therefore, using Lemma 2 we can prove analogues of Theorems 1 - 3.

Theorem 4. Leta € [0, 1) and B € (0, 1]. If By = 2+ 72, |12] < 1, Bo = 71 then differential
equation (3) has a solution given by (4), which by the condition

(1+ pa)lno (2644208 32+B0 + )i
T =20 ><1 301 ap)@ - 2l) 4<1+aﬁ>><3—m|>) @

is meromorphically convex of order « and type B.
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Proof. As in the proof of Theorem 1 we have

(o]

Y (L4 pB)n+B2a—1) + Dn|fu] =2(1+ pa)| fil + (3+ (1 +20))2| f2|

n=1

= " n?y1(n —1)fu nyo(n —2)fu—2
T L (A =)+ 1) | e ) (410 T =2 D +72)
<20+ )] + 26+ B+ 20)
© (0 D2((14 B)(n+1) 1 p2a—1) + Diyi]
; w0+ 2)(n 1= 7] lfal
 (n+2)(1+B)(n+2)+pR2a—1)+1)|v0

+,§1 w0+ 3)(n 2~ 2] lful

—2(1 4 fa) fo] + 263+ B(1+20))|fo 4(“?“_*‘;"“;)'“' il

i (n+1)%(n +2+ (n+20)B) || |fn|+i (n+2)(n+3+pln +1+2))vol, o\

nn+2)(n+1-|7) n(n+3)(n+2—|7)
whence as above

26+ (L 20B)ml 3@ +BAT Dl (1 4 gt poe - 1) 4 10
(13 e e 01T ) L0 B+ laa =1+ Ul

< (L4 )0l

1— 72

and in view of (21) we obtain (20). Therefore, the function defined by (4) is meromorphically
convex of order « and type . O

The following theorems can be proved by analogy.

Theorem 5. If B1 =1, v = —1, 79 = 0, Bo = 1 # O then there exists a solution given by (4)
of differential equation (3), which by the condition

23+ B +2ap)
3(1+ap)

is meromorphically convex of order « and type B.

71 <1

Theorem 6. Leta € [0, 1) and B € (0, 1]. If y, = —2 and B1 = Bo = 71 = 0 then there exists a
solution given by (4) of differential equation (3), which by the condition

(1+ ) 70| < 28(1 — a) (1 - 3(2251(123)'%')

is meromorphically convex of order « and type B.
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3riaHo 3 M.A. Morpa, T.P. Peaai ta O.IT. Xionest anaaitmuna 8 Dg = {z: 0 < |z| < 1} dyskuisa
f(z) = 1+ ¥ | fuz" HasuBaeThcst MepoMopdHO 3ipKoBoto mopsiaky & € [0, 1) i Tumy B € (0, 1],
axwo |zf'(z) + f(z)| < Blzf'(z) + (2a — 1) f(z)|, z € Dy. TyT AOCAIAXKEHO yMOBM Ha KOMITAEKCHI
napameTpu Bo, B1, Yo, Y1, Y2, 32 sikux Audpepenmiitte pisasaus C. Maxa 22w + (Boz? + Brz)w’ +
(702% + 112z + 72)w = 0 Mae MepoMopdpHO 3ipKoBi po3s’s3ku mopsiaxky « € [0, 1) i tumy B € (0, 1].
OxpiM OCHOBHOTO BUIIAAKY 11 + yp 7 0, 1 > 1, pO3TASIAQIOTBCS BUITAAKM Yy = —11 9y = —2. Takox
BIBUEHO MOKAMBICTb iCHyBaHHSI po3B’siskiB Burasiay f(z) = 1+ Y | f,z", m > 2. Kpim Toro,
MM HasuBaeMo aHaAiTiuHy B Dy pyrxuito f(z) = 1 + Y% ; 42" MepoMOPHO OMYKAOK MOPSIAKY
a €10,1) ity B € (0,1], sixmo |zf" (z) + 2f'(2)| < Blzf"(z) +2af'(z)|, z € Dy, i Aocaiaxyemo
AOCTaTHI yMOBM Ha HapameTpu PBo, B1, Yo, Y1, Y2, 3a skux aucpepenuiiine pisasaHs C. Illaxa Mae
MepOMOP(HO OIyKAL po3B’si3ky MOpsIAKY & € [0, 1) i Tvmy B € (0, 1]. PO3rAsIAQIOTBCST Ti 5K BUTIAAKY,
110 i AASI MEPOMOPJPHO 3ipKOBIMX PO3B’SI3KiB.

Kontouosi cnosa i ¢ppasu: mepoMopdpHO 3ipkoBa (pyHKIIiSI IOPSIAKY & Ta TvILy 3, MepoMOpdHO
orykAa (PyHKIIsI HOPSIAKY & Ta Tvmy fB, andpepentiriHe pisasaHs [laxa.



