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ON THE CONVERGENCE CRITERION FOR BRANCHED CONTINUED FRACTIONS

WITH INDEPENDENT VARIABLES

In this paper, we consider the problem of convergence of an important type of multidimensional
generalization of continued fractions, the branched continued fractions with independent variables.
These fractions are an efficient apparatus for the approximation of multivariable functions, which
are represented by multiple power series. We have established the effective criterion of absolute con-
vergence of branched continued fractions of the special form in the case when the partial numerators
are complex numbers and partial denominators are equal to one. This result is a multidimensional
analog of the Worpitzky’s criterion for continued fractions. We have investigated the polycircular
domain of uniform convergence for multidimensional C-fractions with independent variables in the

case of nonnegative coefficients of this fraction.
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INTRODUCTION

The problem of convergence of continued fractions whether their multidimensional gen-
eralizations, branched continued fractions, in particular, branched continued fractions with
independent variables, is that on the basis of information about coefficients fraction to con-
clude its convergence or divergence. This class fractions was proposed by D.I. Bodnar [6], in
the study of the convergence of branched continued fractions with positive elements for es-
tablishing a analog of the Seidel convergence criteria for continued fractions. In the thesis by
Kh.Yo. Kuchminska [7] established the estimate of approximation of function by such fractions
under the conditions of the type of Sleszynski-Pringsheim in the case of the two branches of
branching. Further study of the convergence of branched continued fractions with indepen-

dent variables, in particular, branched continued fraction of the special form

where N is fixed natural number, Ci(k)s i(k) € Iy, k > 1, are complex numbers,
Ik = {l(k) . l(k) = (il,iz,...,ik>, 1 S ip S ipfl, 1 S p S k, io = N}
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denotes set of multiindices, k > 1, and branched continued fraction of the special form which
is reciprocal to it

1 Yoan & & )
- Z Z Z (2)
I+ 1+=3 1+ 1+

received a continuation in the papers by O.E. Baran [3], where proved that (1) converges abso-
lutely, if there exists the real numbers 0 < g;4) < 1or 0 < g;4) < 1,i(k) € Zy, k > 1, such
that

i | < i 18i0 (1= Sige—)), 8io) = 0, i(k) € T, k> 1, ©)

and by O.E. Baran [2], where investigated a convergence of (2) for
lcigl < ilip(1—p), 0<p<27!, (k) €Ty, k>1. (4)

The next stage of the study of convergence of branched continued fractions with independent
variables associated with the paper by TM. Antonova and D.I. Bodnar [1], where proved that
(1) converges absolutely for

ik Z‘k
lcin | < ti (1 - ) ti(k+1)>/ L >0, Y, tiprny <1, i(k) €Ty, k>1. (5)

iky1=1 ikr1=1

In addition, we note the paper by Kh.Yo. Kuchminska [8], where was proved a convergence of
(2) with the elements that satisfy (4) in a slightly more general form than it was done in [2],
and the paper by D.I. Bodnar and M.M. Bubnyak [5], where was investigated a convergence of
one-periodic branched continued fractions of a special form with the elements that lie in disks
whose radius form a geometric sequences with common ratio 4~ 1.

We remark that the convergence criteria of branched continued fractions of the special form
(1) and (2) established in the above mentioned works are multidimensional analogs of the
Worpitzky’s criterion for continued fractions [9].

Our research continues to establish the convergence criteria for the branched continued
fractions with independent variables.

1 BRANCHED CONTINUED FRACTIONS OF THE SPECIAL FORM

Let

Noci) Wk Ci) W ci)
D Ve i B R
i1=1 i =1
be the nth approximant of (1), n > 1.
We shall prove the following result.

Theorem 1. Let for the elements c;(), i(k) € Iy, k > 1, of branched continued fraction of the
special form (1) hold the following conditions

i1 .

lci)| < q;’ék)q?ék_n(l —Gi(k—1)), (k) €Ly, k=1, (6)

where q;(oy and q;(), i(k) € Iy, k > 1, are constants which satisfy one or the other of the
conditions

0<q0 <1 0<gp<1 (k)€ k=1, (7)
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or
0< qi(()) <1, 0< qi(k) <1, l(k) c Ik/ k > 1. (8)
Then
(A) the branched continued fraction of special form (1) converges absolutely;

(B) the values of branched continued fraction of the special form (1) and of its approximants
are in the disk

|z =1 < 1—qjp); 9)

(C) the disk (9) is the "best" set of values of branched continued fraction of the special form
(1) and of its approximants for g,y = 271, i(k) € I, k > 1.

Proof. We show that branched continued fraction of the special form

Nogihgie) (T =dio) & aiydin (U= ai) & 0ia a0 (1 4i2)
1_21()1()1 1(0)_21()1()1 1(1)_21()1()1 1(2)___‘ (10)
h=1 =1 i3=1
is a majorant of (1).
For the tails of (1) we introduce the following notation:
Qih =1 i) eT, s>1,
ik C: k+l C is_1 C:
(s) _ i(k+1) (k+2) i(s) . _
Qi(k)_1+127—1 +.Z,71 N +‘Z o i) €T, 1<k<s-1,5>2.
irr1=1 =1 is=1
It is clear that the following recurrence relations hold
ik ey, 1<k<s—1,s>2. (11)

i1=1 Q k+1)

Let s be arbitrary integer number, moreover s > 0. Using relations (11), by induction on k
for arbitrary of multiindex i(k) € Z; we show that the following inequalities are valid

\Q =Q () i(k) €Ty, 1<k <s, (12)

Z

where Q ( ) € Ik, 1 < k < s, denote the tails of (10), and

Q) > qky, i) €T, 1<k <5, (13)
if the conditions (7) hold,
Q) > qky, i) €T, 1<k <5, (14)

if the conditions (8) hold.
It is clear that for k = s, i(s) € Z, relations (12)—(14) hold. By induction hypothesis that
(12)~(14) hold fork = p+1,p+1 <s,i(p + 1) € Z,,1, we prove (12)~(14) for k = p, i(p) € Z,.



CONVERGENCE OF BRANCHED CONTINUED FRACTIONS 123

Indeed, use of relations (11) for arbitrary of multiindex i(p) € Z, lead to

, o ipr1—1
2 i)l g i A=)
(s) _ i(p+1) _ i(p+1)7i(p) P’ A(s)
Qipl 21— X —5—21- 1 ) = Citp
fp+1=1 ’Qz‘(p+1)‘ fp+1=1 Qi(p+1)
From (13) and (14) it follows that Q 7é 0. Therefore, replacing q by Q mequali-

ties (13) and (14) are obtained for k = p, i(p) € L.
Now, from (12)—(14) it follows that QE(SIE) # 0 and Qf(slz) # 0 for all indices. Applying the
method suggested in [4, p. 28] and recurrence relations (11), for m > n > 1 we obtain

n+1

i H‘C
fn|< Z Z Z n+1 n
h1=1ip=1 Ip41= 1H’Q ’H’Q

, U H Ty —q0e-n)
”“Z%Z Zl wH()n ” = —(fu—fu),
i i iy ~(m ~(n
1 2 +1 Ij[ Qz‘(k) Qi 9

where fi, k > 1, denote the approximants of (10).
Hence,

|fm_fﬂ|§fn_]?m/ m>n>1,

and

k k N
;|fr+1 —frl < Z(f fri1) = X_: 11 1 = qi(0)) — free1, k>1 (15)

r=1

From this it follows that the sequence {f;} is a monotonically decreases. Furthermore, from
(13) and (14) for arbitrary k > 1 we have

11 11 1( )
fo=1~- Z o > 4ilo)
1= 1 ( )

i.e. the sequence {f;} is bounded below. Therefore, the limit
f=lim f
k—o00

exists and is a finite. Now, from (15) for k — oo it follows that (1) converges absolutely. This
proves part (A).
Next we prove part (B) and (C). Using (6), (13) and (14) for arbitrary k > 1 we have
i i—1
foo1] < Z lcin)] < % 9i(1)7i0) (1 = 4i(0))

- <1-q5
i=1Q; écl) | =1 Ql(écl))

i(0)"
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Therefore, the disk (9) includes the set of value of (1). We show that it coincides with (9) for
qi(k) = 271, Z(k) S Ik, k>1.
Let ¢ be an arbitrary complex number such that |c| < 1 — ‘711'\([0)' Then for the approximant

f1 of (1), where the ¢;3) = ¢(1 - qf\(lo))’lq?(o_)l(l —gi0)), 1 < iy < N, and the ¢y, i(k) € 4,

k > 2, are arbitrary complex numbers that satisfy (6), we obtain f; = 1+c. If [c| = 1 — qf\(fo)

then (1), where the ¢;) = 27Me(1 — q%o))_1q§%&1(1 —4gi(0)), 1 <11 < N, and the ¢;) = —47,
i(k) € Iy, k > 2, satisfy (6) for Tik) = 271,i(k) € Iy, k > 1, get value 1 + c. We show it.

Indeed, in the above mentioned values of elements of (1) by equivalent transformation
Pi(k) = 21 i(k) € T, k > 1, [4, pp. 29-33] we can write it in the form

_ 1 i1—1 . L. . L
N 2 1C(1 — qzl\(]())) 1[];1(0) (1 — ‘71(0)) 11 211—12—2 2 212—13—2
1 + Z 21'171 — 21‘271 - = 21‘371 —

i1=1 =1 13=

(16)

To prove that the value of (16) is equal to 1 + c it is sufficient to prove the following relations

k ok—ip—2 D nip—iz—2 i3 nig—ig—2
ok—1z 2 Dix—i3 3 Diz—i4
k) _ ok—1 _y-1
f =2 - L 2ip—1 _‘Z yiz—1 _‘Z 2ig—1 _ =27, 1<k=N. (17)

i2:1 13:1 1=

By induction on k we show that the relations (17) are valid.
It is easy to shown that for k = 1 relation (17) holds. By induction hypothesis that (17) hold
fork =n—1,n > 2, we prove (17) for k = n. We have
21173 21174 1 271 272
£ o fn=2)  f(n-1) B flm)

Sincef(k) =211<k<n-—1,n>2 and

(18)

n—1_ An—2 _ ~n-3 0 n1 anp27—1
2 -2 -2 - .. =2"=2 -2 — =1,

2711

than from (18) we obtain f (") = 2=1 From this it follows that the value of (16) is equalto1l+c.
Finally, it follows from concept of equivalent transformation [4, pp. 29-33] that the value of (1)
isalso equal to 1 + c. O

It is now a simple matter to prove the following theorem.

Theorem 2. Let for the elements c;(, i(k) € Zy, k > 1, of branched continued fraction of the
special form (2) hold the conditions (6), where g,y and q;), i(k) € Iy, k > 1, are constants
which satisfy one or the other of the conditions

0< gi(0) <1, 0Z qi(k) <1, Z(k) €Ty, k>1, (19)

or
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Then
(A) the branched continued fraction of special form (2) converges absolutely;

(B) the values of the branched continued fraction of the special form (2) and of its approxi-
mants are in the disk
1- qz(O

)
< ; 1)
9102 — (o)) ‘ 9302 — Ti(0))

(C) the disk (21) is the "best" set of values of branched continued fraction of the special form
(2) and of its approximants for q; ) = 271, i(k) € I, k > 1.

Proof. By analogous considerations as in the proof of Theorem 1, it is easy to shown that a
majorant of (2) is the following branched continued fraction of the special form
e (L=aio) i @iy aiy (A=) &2, 4545y (1= qi2)

N 9i1)%i0
_Z ()()1 _Z - Z : ___‘_(22)

=1 ip=1 T i=1

From the fact that the approximants of (22) form the sequence, which is a monotonically in-
creasing and bounded above, it follows that (2) converges absolutely.
We write the kth approximant of (2) in the form

1
1
111Q 14w’

Using relations (19), (20) and conditions (6), we have

11 i1 1(1_ )
qz(O))
ol < ). : <145

o< 3
kl
i1= 1’Q ’ =1

i

Therefore,

from where we obtain (21).

Since 0 < g;(9) < 1 then (21) contains the point 1. In view of proof part (C) of Theorem 1,
to show that (21) is the "best" set, it suffices to note that values of the particular branched
continued fraction of special form

— 1 : _ . .
1N 27— qly) iy, o 1 =di0)) {1, 2ii—i=2 2 pir—iz=2 1
T 1+ Z 21 e e AT B T
: 1221 1321
fill the disk (21) as ¢ ranges over the set [c| < 1 — qzl.\(io). O

2  MULTIDIMENSIONAL C-FRACTIONS WITH INDEPENDENT VARIABLES

In this section we have two convergence criteria for the multidimensional C-fractions with
independent variables. Their proof is a simple application of Theorems 1 and 2 respectively.
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Corollary 2.1. Let ai(k), i(k) € Iy, k > 1, be nonnegative numbers such that

(k) < ‘71( )qifk 11)(1 — qi(k-1)), i(k) €Ly, k> 1, (23)

where q;(y and g;), i(k) € Iy, k > 1, are constants which satisty one or the other of the
conditions (7) or (8). Then the multidimensional C-fraction with independent variables

N Zzl i1 le i Zz3
1+) = Z Z
i=1
converges uniformly in the domain
G={z=(z1,22,...,2ny) €CN: |z| <1, 1<k <N}. (24)

Corollary 2.2. Leta;), i(k) € Zy, k > 1, be nonnegative numbers such that satisfy the inequal-
ities (23), where q;(o) and q; ), i(k) € Zy, k > 1, are constants which satisfy one or the other of
the conditions (19) or (20). Then the multidimensional C-fraction with independent variables

1 Y Zzl 080z, &2 a53)2
1+ X_: l; 1 +.Zl 1+
= = 3=
converges uniformly in the domain (24).
CONCLUSION

The convergence criteria (6), as well as (3) and (5), is an effective criterion for investigating
the convergence of branched continued fractions with independent variables.
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Avurpymmvs P.IL Tpo kpumepiti 30iscHocmi 2innacmux 1aHy0208ux 0pobie 3 HepisHOSHAUHUMU 3MIHHU-
mu // KapnaTtceki MaTeM. my6a. — 2017. — T.9, Ne2. — C. 120-127.

AOCAIAXY€ETbCST IMTaHHS 361KHOCTI 6araTOBMMipHIX y3araAbHEeHb HellepepBHMX APObGiB — TiA-
ASICTVIX AGQHIIIOTOBUX APOOiB 3 HepiBHO3HaUHMMY 3MiHHMMIL. 1]i Apobu € edpeKTMBHMM amtapaToM Ipu
HabAVDKeHH] (PYHKIIIN, 3aAaHMX KPaTHUMM CTEIIeHeBMMI PSIAAMIL. BcTaHOBAEHO edpeKTHBHI yMOBI
abCOAIOTHOI 361KHOCTI TIAASICTMX AQHIIIOTOBUX APODiB 3 HepiBHO3HAYHMMI 3MIHHMMM Y BUITAAKY KO-
AM YaCTMHHI UMCeAbHVKM KOMIIAEKCHi UlCAQ, 8 YaCTVHHI 3HAMEeHHMKM AOPiBHIOIOTH oAuHMIL. OTpn-
MaHWIT pe3yAbTaT € 6araTOBMMIpHIM aHAAOTOM KpuTepito BOpmiTchbKOTo AAsI HellepepBHIX APOOiB.
AocAiAXeHO TIOAIKPYTOBY 0bAacTb piBHOMIpHOIL 361KHOCTi AAsT baraToBuMipHNX C-ApobiB 3 Hepis-
HO3HAYHMMM 3MIiHHUMM Y BUTIAAKY HeBiaA eMHMX KoedpillieHTiB Apoby.

Kntouosi cnosa i ¢ppasu: 361XHiCTh, abCOAOTHA 361KHICTb, piBHOMipHa 361HICTb, TIAASCTII AQH-
LIIOTOBMI Api6 3 HepiBHO3SHAUHMMM 3MiHHMMY, baraToBuMipHmit C-Api6 3 HepiBHOSHAUHMMY 3MiHHN-
MIL.



