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BOUNDARY PROBLEM FOR THE SINGULAR HEAT EQUATION

The scheme for solving of a mixed problem with general boundary conditions is proposed for a

heat equation
aT o oT

with coefficient a(x) that is the generalized derivative of a function of bounded variation, A(x) > 0,
A~1(x) is a bounded and measurable function. The boundary conditions have the form

{PHT(O/ T) + PlZT)[(l] (0,7) +quT(l,7)+ 4127",9](1, T) = ¥1(7),
p21T(0,7) + PzzT;El] (0,7) +quT(l,7) + 42273[:1] (L, T) = ¥2(7),

where by T,[Cl] (x,T) we denote the quasiderivative A(x) g—z A solution of this problem seek by the
reduction method in the form of sum of two functions T(x,7) = u(x,T) + v(x, 7). This method
allows to reduce solving of proposed problem to solving of two problems: a quasistationary bound-
ary problem with initial and boundary conditions for the search of the function u(x, T) and a mixed
problem with zero boundary conditions for some inhomogeneous equation with an unknown func-
tion v(x, T). The first of these problems is solved through the introduction of the quasiderivative.
Fourier method and expansions in eigenfunctions of some boundary value problem for the second-
order quasidifferential equation (A(x)X’(x))" + wa(x)X(x) = 0 are used for solving of the second
problem. The function v(x, T) is represented as a series in eigenfunctions of this boundary value
problem. The results can be used in the investigation process of heat transfer in a multilayer plate.
Key words and phrases: boundary problem, quasiderivative, eigenfunctions, Fourier method.
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INTRODUCTION

Boundary problems for differential equations of heat conduction with smooth coefficients
were studied quite comprehensively in the literature (e.g., see [5]). However, during the mod-
eling of heat transfer processes, the boundary problems with piecewise continuous coefficients
or coefficients that have generalized derivatives of discontinuous functions are often appeared.
Such problems have already begun to be studied in the works [3, 4].

The present paper deals with solving of a boundary problem for a heat equation with a
coefficient that is the generalized derivative of a function of bounded variation. A reduction
method [5] is used for solving of this problem. This method allows to reduce solving of this
problem to solving of two problems: a quasistationary boundary problem with initial and
boundary conditions and a mixed problem with zero boundary conditions for some inhomo-
geneous equation. Fourier method and expansions in eigenfunctions of some boundary value
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problem for the second-order quasidifferential equation are used for solving of the second of
these problems.

Quasidifferential equations are equations that contain terms of the form (p(x)y(™)(),
These equations cannot be reduced to conventional differential equations by n-fold differenti-
ation if the coefficient p(x) is not sufficiently smooth. The introduction of quasiderivatives is
used for their research [2].

1 FORMULATION OF THE PROBLEM

Consider the next boundary value problem for a differential heat equation. It is necessary
to find a solution T (x, T) of the equation

J 0 0
103 = 5 (M5 ()

with boundary conditions

{PllT(Oz T) + plZTJ[cl] (0,7) +quT(l,T) + Q12T3[c1] (I, 7) = P1(7), )

pnT(0,7T) + PzzT;[cl] (0,7) +guT(l, ) + Q22T3[c1] (I, T) = a(7)

and initial condition
T(x,0) = ¢(x), 3)

where a(x) = b/(x), b(x) is a right continuous nondecreasing real function of bounded vari-
ation on the interval [0,1], A(x) > 0, A~!(x) is a bounded and measurable function on the
interval [0,1], ¢(x) is a continuous function on the interval [0, ], ¥1(7) and ,(7) are continu-
ously differentiable functions for T > 0, p;j, q;; (i,j = 1,2) are real numbers. By T,[cl] (x,T) we
denote the quasiderivative A(x)3L. The prime in the formula a(x) = b'(x) stands for the gen-
eralized differentiation, and hence the function a(x) is a measure, i.e., a zero-order distribution
on the space of continuous compactly supported functions [1].

A solution of problem (1)—(3) seek by the reduction method in the form of sum of two
functions

T(x,7) = u(x,7) +0(x, 7). 4)

Any of functions u or v can be chosen by a special way, then another one will be determined
uniquely.

2 QUASISTATIONARY BOUNDARY PROBLEM FOR (X, T)

We define u(x, T) as the solution of the boundary problem

d ou
Y <)\(x)$> =0, (5)

{Pllu(O, T)+ PlZugcl] (0,7) + gquu(l, ) + q12u3[c1] (I,7) = ypi(7),

(6)
pau(0,7) + Pzzugcl] (0,7) + goau(l, T) + ‘]22”3[(1] (1,T) = ¢a(7),
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af

which is derived from problem (1)—(3) if T is a parameter. Here the quasiderivative u,[cu X,T)=
p p q
Alx) then 5% a” = Ll]) With the help of the vector 7 = (u, ul!l)T equation (5) is reduced to the

ox’ Alx
u / 0 -1 u
_ Alx
(i) =(0 %) () ?

system
Boundary conditions (6) are also represented in the vector form

P-(0,7) +Q-a(l,7) = [(1), (8)

p_ ( pii P12 )/ _ ( qu1 12 >, T(r) = ( P1(7) )
P21 p22 421 422 P2(7)
By direct verification one can make sure such that the Cauchy matrix B(x, s) of system (7)
has the form

where

(1 o(x,s) _[xodt
B(x,s) = (0 1 ), o(x,s) = A0
Then #(x, ) = B(x,0)ilp, where i = (O 7). We shall determine . From boundary condi-
tions (8) we obtain P - iip + Q - B(1,0) - #ip = I whence iip = (P + Q- B(1,0)) ! - T. Therefore,
a(x,7) = B(x,O) -(P+Q-B(1,0))"-T(1). 9)

3 MIXED PROBLEM FOR (X, T)

We substitute u(x, T) and v(x, T) into equation (1)

) (G 5) =5 (0 (4 5))

In consequence of (5) we have the equation

a(x)g—: = % <A(x)g—z> —a(x)g—z. (10)
According to formula (9) the der1vat1ve % is a continuous function of the variable x on [0, ]
and so the last term in equation (10) is Correct.
By taking into account formula (4), we define the boundary conditions for v from condi-
tions (2)
1

pt(0,T) + prous (0,7) + quuu(l, T) + qrau (1, 7)

+p110(0,T) + pr2od (0, T) + guio(l, T) + gt (1, T) = (1),
p2u1t(0,7) + prau (0,7) + qa1u(l, ) + g1y (1, 7)

+p20(0,7) + poy (0,7) +4210(1,7) + 4208 (1, 7) = $2(7).

By virtue of (6), we obtain

{Pllv(ol T) + Plzvgcl] (0,7) +quo(l,T)+ fhzv[ ]( I,T) =0, (1)
pnv(0,T) + Pzzvgcl] (0,7) +gqmo(l, T) + fhzv[ ]( l,t)=0.

The initial condition is determined similarly

o(x,0) = p(x) — u(x,0) L ¢(x). (12)
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4 FOURIER METHOD AND EIGENVALUE PROBLEM

We search for non-trivial solutions of the homogeneous differential equation

05 = 55 (M03 )
with boundary conditions (11) in the form
v(x, T) =e “TX(x), (13)
where w is a parameter, and X(x) is a function. Then
—wa(x)e “TX(x) = (AMx)X'(x)) e T
whence we get the quasidifferential equation
(A(x) X' (x)) + wa(x)X(x) = 0. (14)

Substituting formula (13) in boundary conditions (11), we obtain

(15)

p11X(0) 4+ p12 XM (0) 4+ g11 X(1) + g XM(1) = 0,
p21X(0) 4+ p2X1(0) + 421 X (1) + g2 X1 (1) = 0.

We denote by wy the eigenvalues of boundary problem (14), (15). Let Xy (wy, x) be the
corresponding eigenfunctions, k = 1,2, ..., c.

By [6], all eigenvalues wy of boundary problem (14), (15) are real, there are a countable
number of them, and their set has not a finite limit point. The eigenfunctions X (wy, x) that
are corresponded to the different eigenvalues are orthogonal in the sense

/Ole(wm,x)Xn(wn,x)db(x) =0, wy # wy.

5 METHOD OF THE EIGENFUNCTIONS

We seek v(x, T) in the form of the series
v(x,T) = Z e (T) Xi (wy, x), (16)
k=1

where X (wy, x) are the eigenfunctions of boundary problem (14), (15). We substitute formula
(16) into equation (10)

a(x)% (ki tk(T)Xk> = % <)‘(X>% (g tk(T)Xk)) ‘“mg—j

where, under the assumption of uniform convergence of series (16) and series derived from it
by differentiation by x or 7, we have

o) Y (DX = Y (D) (A2)X) — a(x)or.
k=1 k=1
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As a result of equation (14) there is equality (A(x)X] )/ = —wia(x) Xy, then
>, ou
x) Y ()X Z te(T)wpa(x) Xy — a(x)g.
k=1
Therefore,
i T) + Wit (7)) Xi = au- (17)
= ot

We expand the known function g” in a series in the eigenfunctions of boundary problem

(14), (15):

de Xk Wi, X )/ (18)
h
o a(t) = 1 [ (wop )db(x), X H—/lxz(w *)db(x)
k — HXkH 0 o7 k\ Wk, ’ kIl — 0 k\Wkr .

By substituting formula (18) into (17), we obtain
t;((T) + wktk(r) = —dk(T>, k=1,2,...,00. (19)

Since formulas (12) and (16), we have
Z te(0) Xk (wi, x) = ¢(x).
We expand the function ¢(x) in a series in the eigenfunctions

x) =Y ¢iXe(we, x), @ = HXkH/ x) Xi (wy, x)db(x).
k=1

Consequently,
i'k(O) = Pk, k= 1,2,...,00. (20)

Then for all positive integer k we have Cauchy problems (19), (20) for ordinary differential
equations.
General solutions of linear inhomogeneous equations (19) acquire the formulas

T
te(T) = <Ck _/0 dk(s)e“’ksds> e~ VKT,

where Cy are arbitrary constants. Therefore, by using initial conditions (20), we find for each
positive integer k the solution of the corresponding Cauchy problem

te(T) = re” kT — /T di(s)e“r=T s,
0

Then, by virtue of formula (16), we obtain

o]

o(x,7) =) (goke_“’kT - /OT dk(s)e“’k(s_f)ds> Xy (wy, x).

k=1
Thus, by using the reduction method, Fourier method and the expansion in a series in
eigenfunctions, we built the solution of the boundary problem for the heat equation with a
distribution. The results can be used in the investigation of the process of heat transfer in a
multilayer plate.
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3anponoHOBAHO CXeMY pO3B’3yBaHHSI MIilllaHOI 3aAad4i 3a 3aTaAbHMX KPaOBUX YMOB AAS PiBHSI-

HHSI TeIIAOIIPOBIAHOCTI
oT 0 oT
o055 = 30 (V05 )

3 xoedpirtieHTOM 4(X), SIKMI € y3araAbHEHOIO IOXiAHOW (PYHKINI obMeXxeHOI Bapiarii, A(x) > 0,
A~1(x) — obMexena i BumipHa dyrkiis. KpartoBi yMoBI MarOTh BUTASIA

{pllT(Or T) + plZTJEH (0/ T) + ‘711T(l, T) + quTJ[Cl] (l/ T) = l)bl (T)r
paT(0,7)+ PzzT;[(l] (0,7) +qunT(l,7) + QZZTP](Z/ T) = Pa(7),

Ae gepes T;El] (x, T) mo3HaUYeHO KBasimoxiaHy A(x) 3—§ Po3B’s130K 1€l 3aAadi IITyKAETHCSI METOAOM Pe-
AyKIT y Burasiai cymu aBox pyskuiii T(x, T) = u(x, T) + v(x, 7). Lleit MeToA Aae 3MOTY 3BECTI PO3-
B’sSI3yBaHHSI IIOCTaBAEHOI 3aAa4i A0 pO3B’SI3yBaHHS ABOX 3aAa4: KpaloBol KBasicTallioHapHOI 3aAadi
3 [IOYATKOBYMM i KPalfOBMMM YMOBAMM AAST BIATITYKAHHST (PYHKIILT # (X, T) i MiIraHoI 3aaadi 3 HyABO-
BYIMM KPaViOBVMM YMOBAaMM AASI A€SIKOTO HEOAHOPIAHOTO PiBHSIHHS 3 HEBIAOMOIO (PYHKIIIEIO U(X, T).
INepma 3 11X 3aaa4 pO3B’SI3Y€ThCSI 3 AOTIOMOTOIO BBEACHHSI KBa3iIOXiAHOL. AAs pO3B’sI3yBaHHS ApPY-
roi 3apadi 3aCTOCOBYEThCsI MeToA Dyp’e i po3BUMHEHHS 3a BAACHMMM (DYHKIISIMU AeSKOI KpalioBol
3apaui AAsI KBasiAvdpepeHIiaAbHOrO piBHSIHHS Apyroro mopsiaky (A(x)X'(x))" + wa(x)X(x) = 0.
Dyrkuis v(X, T) MOAAETHCSI Y BUTASIAL PSIAY 3a BAacHMMM (pyHKIIisIMM i€l KparioBol 3apaui. Otpu-
MaHi pe3yAbTaTi MOXKHA BUKOPMCTOBYBATH AAsI AOCAIAKEHHS IIpoLIeCy TeIlAoIepeAadi B 6araTora-
POBilt IAMTI.

Kntouosi crosa i ppasu: xpaiioBa 3apava, KBasiloxiaHa, BAacHi dpyHKIiT, MeTopa Dype.



