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POINCARE SERIES FOR THE ALGEBRAS OF JOINT INVARIANTS AND
COVARIANTS OF n QUADRATIC FORMS

We consider one of the fundamental objects of classical invariant theory, namely the Poincaré
series for an algebra of invariants of Lie group SL,. The first two terms of the Laurent series ex-
pansion of Poincaré series at the point z = 1 give us an important information about the structure
of the algebra 7. It was derived by Hilbert for the algebra Z; = C[V,] °/2 of invariants for binary
d—form (by V; we denote the vector space over C consisting of all binary forms homogeneous of
degree d). Springer got this result, using explicit formula for the Poincaré series of this algebra. We
consider this problem for the algebra of joint invariants Z,,=C[V,®V,® - - - @Vg]s L2 and the algebra

e e e

n times
of joint covariants Cp, =C[V,@Vo® - - - DV, @C2]5L2 of n quadratic forms. We express the Poincaré
N — -

n times
series P(Cyy, z) = 2;-";0 dim(Cap); Zand P(Iy,, z) = 2;-";0 dim(Zo,); 2 of these algebras in terms of
Narayana polynomials.
Also, for these algebras we calculate the degrees and asymptotic behavious of the degrees, using
their Poincaré series.
Key words and phrases: classical invariant theory, invariants, Poincaré series, combinatorics.
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INTRODUCTION

Let V, be the complex vector space of quadratic binary forms endowed with the natural ac-
tion of the special linear group SL,. Consider the corresponding action of the group SL; on the
algebras of polynomial functions C[nV,] and C[nV,> @ C?], where nVs := Vo @ Vo, & --- © V3.

n times

Denote by T,, = C[nV3] 512 and by C,, = C[nV; @ C?] L2 the corresponding algebras of invari-
ant polynomial functions. In the language of classical invariant theory the algebras Z,, and C,
are called the algebra of joint invariants and the algebra of joint covariants for the n quadratic
binary forms respectively.

Let R = Ry @ Ry @ - - - be a finitely generated graded complex algebra, Ry = C. Denote by

P(R,z) =) _ dim R]-zj
j=0
its Poincaré series. Letting r be the transcendence degree of the quotient field of R over C, the
number

deg(R) :=lim(1 — z)"P(R, z)

z—1
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58 ILASH N.B.

is called the degree of the algebra R. The first two terms of the Laurent series expansion of P (R, z)
at the point z = 1 have the following form

_ deg(R) P(R)
P(R,z) = 1—z) + (1—z)y-1 T

The numbers deg(R), P(R) are important characteristics of the algebra R. For instance, if R is
(R)
deg(R)

an algebra of invariants of a finite group G then deg(R) ! is order of the group G and 2

is the number of pseudo-reflections in G (see [3]).

Let V; be the standard (d + 1)—dimensional complex representation of SL,. Consider the
corresponding algebras of invariants I; := C[V;4]°2 and C; = C[V; © C?]°"2 be the corre-
sponding algebra of invariants. Explicit formula for the degree of algebra of invariants for
binary d—forms deg(Z;) was derived by Hilbert in [4] and Springer in [8]. In [2] explicit for-
mula for the degree of algebra of covariants for binary d—forms of deg(C;) was derived. For
this purpose, in [8] and [2] authors used an explicit formula for the Poincaré series of those
algebras.

The formal power series

P(Con,z) = Zdim(Czn)]-zj and P(Zy,,z) = Zdim(IZn)]- 2
j=0 j=0

are called the Poincaré series of the algebras Cy, and Z,,. In the paper [1] the following expres-
sions for the Poincaré series of those algebras was derived:

-1 n—k dkfl n—k n—k n)i(n),_ _iZankfifl
PCn(z) = ), (n—(k)!)k — 1)l dzk-1 (Z < i ) (i : i ”+i(k1 —zz)zn_k_i> ’

(

(-pr*  d! ni( n—k\ _(n)i(n)y__iz" 1
=Rk —=1)d=1 \ Z\ i J(1—z)ntil(1—z2)nk=i |7
where (1), :==n(n+1)---(n+m—1),(n)y := 1 denotes the shifted factorial.

In the present paper those formulas are reduced to the following forms:

anl(Zz)
(1 _ 2)3"71(1 + Z)anl

W,_1(z?) — nzN,_1(z?)

P(CanZ) = (1 _ Z)3n71(1 _}_Z)anl 4

and P(Zp,,z) =

where )
% 1/n-1 n —1 % (n\
Nn(z)_k;E<k—1> (k_1>z and WH(Z)_I(;)(k) z
denotes the Narayana polynomials and the Narayana polynomials of type B respectively.

Also, the degrees of algebras 7,,, Cp, and asymptotic behaviors of the degrees are calcu-
lated using the explicit expressions for the Poincaré series.

1 COMBINATORIAL IDENTITIES

Let us prove several auxiliary combinatorial identities.
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Lemma 1. Let m, n be positive integers. The following identities hold:

' W,_ 1(22 n qk—1 o2n—k=14+a  gn—k 1
(@) (1—z)2(1—22)2~ L= Z (n—k)! k 1)tdzk=1 \ (1—z)2n—kta gzn—k <z“(1+z)”> ’

- nan_l(zz) B n 1 dk-1 z2n—k+a qn—k 1
() A=zt~ k; (k)1 (k—1)! dzF—1 ((1—2)2nk+u dznF <z”(1—|—z)”>) '

Proof. We shall prove the relations by induction in a.
For a = 0 the statements follow immediately from the next identities (see [5]):

Z (—1)"7]((71)”,]( dk—1 < S2n—k—1 ) Z ( ) 2k
(k=1 (n—k)ldzk-1\ (1 —z2)2n-k | — (1—22)2"*1 ’

Xn: (—1)"7]((71)”,]( dk—1 < 2n—k ) _ er(t;g (n;Z) (k—T—l)sz+1
(k—=1)!(n —k)!dzk-1 \ (1 —z2)2n—k (1 —z2)2n-1 '

(i) Assume there is a non-negative m such that

i 1 gk—1 y2n—k=14+m  gn—k 1 _ Z?:Ol (nz 1)2 2i .
= (n=k)!{(k=1)tdzk=1 \ (1—z)2n—ktm dzn=k \ z7(14-z)" (1—z)m(1—z2)2n-1
We must prove the formula (i) is true fora =m+1:

n 1 k1 Z2n—k+m qn—k 1 Z ( )2 2i
,; (n—k)!(k=1)! dzF—1 \ (1—z)Zkbm gzn—k zm+1(14z)n | ~— (1— z)m“(l z2)2n-1"

That is,

n 1 dk—l ZZn—k—1+m+1 dn—k 1
(1-2) ), (n—k)!(k—=1)! dzk=1 \ (1—z)Zn—ktm+1 gzn—k zm+1(14z)n

k=1
n 1 dkfl Zankfqum dnfk 1
:k;l (n—k)!(k — 1)l dzk-1 \ (1 — z)2n—k+m gzn—k <zm(1 + Z)”) '

It sufficed to show that (we expanded the functions into the Taylor series about z)

min{sz”—l}"zf <n+k—j—1> <n+m—|—k—i—1> (1) <n+i—1> <i—m>
j=0  i=0 k k—j—i i J
B mf”{g‘l}"z{ <<n+k—] 1) <n+m+k ) <n+k—j—2> <n—|—m—|—k—i—1>>
=0 =0 ) k=j—i k=1 k=j=imd
y (_1)i<n+;—1> <z—rr.z—1>_
J
Using following formulas

() =5G22 ()= ()= G2)

after some algebraic transformations we obtain the last equality.
The proof of (ii) is completely analogous to that of (7). O
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2 THE POINCARE SERIES OF THE ALGEBRAS OF INVARIANTS AND COVARIANTS

We use the derived above combinatorial identities to express the Poincaré series P(Zy;, z)
and P(Cyy, z) in terms of Narayana polynomials.

Theorem 1. The following formulas hold:

anl(Zz)
W,_1(z%) — nzN,,_1(z?)
(1 _ Z)"(l _ ZZ)anl

(i) P(Con,z) =

(ii) P(Zpn,z) =

Proof. (i) Note that
-1 n—k — n—k " ; 2n—k—i—1
P(CZn/Z) = Z (n£k>')(k 1 'de 1 <Z < i ) 1—2z) 3+1(k1 ZZZ>2n k— 1)

n 1 3nk1 dnk 1
:k;l(n—k)' —1'dzk1( z)3n— kdz”k<( (1—1—2))”))'

Substituting n for a in Lemma 1 (i), we get

n 1 dk—l Z311—k—1 dn—k 1 _ Wn, (ZZ)
g (n—k)!(k—1)! dzk—1 ((1—2)3”—k dzn—k ((z(l—{—z))”)) _(1—2)”(11—22)2”—1'

1

(i)

1)n k dk 1 n—k )( )n P ZZankfifl
P(Zzn,2) ]; —k)I(k—1)1 dzk—1 Z( ; ) 1—z)nti-1(]—z2)2n—k-i

—_

n 1 3n k—1 qr k 1
; k)l(k_l 'dzk 1 < 2)3n—k—1 dznF (z (1+Z))n>
n 31— k—1 dnfk 1
; —k)! (k—l'dzk 1( z)3n—k dzn- k((l—i—z))”)
n
"L

1 3nk dnk 1
k)(k—l'dzk1 (1 —z)3n—kdzn—k(z(14+2z))" |

Substituting n for m in Lemma 1, we get

Wn—l(zz) — nZNn—l(ZZ)
(1 _ Z)”(l _ ZZ)Zn—l

P(Izn, Z) =

3 THE DEGREES OF THE ALGEBRAS OF INVARIANTS AND COVARIANTS

Let us calculate the degrees of the algebras of joint invariants and covariants of n quadratic
binary forms using the formulas for the Poincaré series P (Zy,, z) and P (Cyy, 2).
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Theorem 2. The following formulas hold
(i) trdegeCoy =3n—1,
(ii) trdegcZy, = 3n —3.

Proof. The transcendence degrees over C for the algebras Izn, Coy is equal to order of the pole
for P(Zpn,z), P(Can, z) respectively, see [7]. Since W?_n = # 0. for all n then trdeg.Cp, =

3n —1.
Note that
n—1 2 n—1
5 > n—1 1/n-2\ (n—-1
(W1 (%)~ 2Ny (22)) |z_1=k§( 3 )‘”ZEQ_J (1=

e e 2 () B2 () ()
(Wa-1(z2) =nzNy1(2))" [e=1= z 2K(2k — 1) ( . 1)

n—1\/n-2\(2n—4
—nz (2k —1)( 2k—2)<k_1><k_1><n_2>7é0.
Thus, the function (W,,_1(z?) — nzN,,_ 1( 2)) has the pole of order 2 at z = 1. Let us remem-

W,_1(z%) — nzN,_1(z%)
ber that P(Z,,z) = (=2 i(1 1 2
Note that the proof of previous Theorem is direct. Luna’s Slice Theorem (see [6]) gives us
more general result.
We know explicit forms for the Poincaré series for the algebras of joint invariants and co-
variants of n linear forms. Thus we can prove the following statement.

. This implies that tr deg- Z,, = 3n — 3. O

Theorem 3. The degrees of the algebras of joint covariants and invariants of n quadratic binary
forms are equal to

' B (2nn:12)
(i) deg(Can2) = S5y

) )
(ii)  deg(Zon, z) = -1 1

Proof. (i) Using Theorem 1 and Theorem 2, we have:

=l —1\? 5
- - AL A =
deg(Ca) = lzlirll(l —z) P(Cn,z) = 121311(1 —z) (1—z)7(1 — z2)2n1 ~ o1

(ii) Similarly, we have

W,,_1(z%)—nzN,_1(z?)
3n—3 _ n—1 n-1
deg(Izn)—hm(l z) P(Z,,z) = 1211 (—2)2(1z)2 1

W (@) 2N ()" (G5)
z=1 ((1_2)2(1+Z)2n—1>/’ (n—1)22n-1
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Note that asymptotically, the Catalan numbers grow as

o _ 1 (2 g
" n+1\n n3/2\/m

It is easy to calculate asymptotic behaviours of the degrees of the algebras 7, and Cy,:

Corollary 1. Asymptotic behaviours of the degrees of the algebras of joint invariants and co-
variants of n quadratic binary forms as n — oo are follows

(1]

(2]

(3]

(4]
(5]

6]

(7]

(8]

1

deg (IZ}’I ) ~ F .

1
——— and deg(Cy,) ~
S/ (Can)
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Mu posrasiaaeMo oaHY 3 pyHAAMEHTAABHIX ITPOOAEM KAACHYIHOI Teopil iHBapiaHTiB — AOCAiAXKe-
HHs psAy [lyaskape aare6p igBapianTis rpymm Ai SLy. BiaoMo, 1o mepii AOAAHKM PO3KAAAY PSIAY
Ilyankape B psia AopaHa B OKOAl Touky z = 1 HeCcyTb BaXAMBY iH¢pOpMaiio Ipo CTPYKTYPY el
aarebpu. Ans aarebpu Z,; = C[V,] L2 insapiantis oaniei 6inapHoi dpopmu BoEM 6yAM obumcAeH-
Hi mie I'iapbepTom (TyT V;— KoMmaexkcHmit d + 1— BUMipHMIT BEKTOpHIIA IpOCTip b6iHapHMX popM
crenensi d). Ilisgimme 11eit ke pe3yabraT oTpuMas CIIpiHTep, BUKOPMCTOBYIOUM SIBHY (POPMYAY AAS
psiay Ilyankape aarebpu Z;. Posrasiaaerbest aHaAoOriuHa 3apava AAS aATeOp CHIABHMX iHBapiaHTiB
Ty =C[Va, & Vo @ - - @ Vo] 52 Ta ciinbsmx xoBapianTis Cpy, = C[Vo © Vo @ - - - @ Vo ®C?] 512 1 xBa-

n times n times
ApatiaHux cbopM. Mu Bupasuan psiau Ilyamxape P(Cop,z) = Yi2odim(Con)j 2/ 1a P(Zon,2) =
Z}?io dim(Zy,); 7 umx aarebp uepes noainomu Hapasaa. Takox My 06UMCAMAY CTeTIeH 11X aAre6p
Ta aCUIITOTMYHY MTOBEAIHKY LVX CTeleHiB, BUKOPUCTOBYIoun 11i psiau [lyaHkape.
Kntouosi cnosa i ¢ppasu: xracwdHa Teopisl iHBapiaHTiB, iEBapianTy, psiau [lyankape, koMbiHaTO-
prka.



