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PROPERTIES OF POWER SERIES OF ANALYTIC IN A BIDISC FUNCTIONS OF
BOUNDED L-INDEX IN JOINT VARIABLES

We generalized some criteria of boundedness of L-index in joint variables for analytic in a bidisc
functions, where L(z) = (I1(z1,22), l2(21,22)), | : D* — R is a continuous function, j € {1,2}, D2
is a bidisc {(z1,22) € C?: |z1] < 1, |z2| < 1}. We obtained propositions, which describe a behaviour
of power series expansion on a skeleton of a bidisc. The power series expansion is estimated by a
dominating homogeneous polynomial with a degree that does not exceed some number, depending
only from radii of a bidisc. Replacing universal quantifier by existential quantifier for radii of a
bidisc, we also proved sufficient conditions of boundedness of L-index in joint variables for analytic
functions, which are weaker than necessary conditions.
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1 INTRODUCTION

Recently, we introduced a concept of boundedness of L-index in joint variables for analytic
in a bidisc functions [4]-[6]. There were obtained criteria which describes a local behaviour of
partial derivatives, give estimate maximum modulus on a skeleton of bidisc and was proved
an analog of Hayman’s Theorem.

In a fact, inequality (1) in a definition of function of bounded L-index in joint variables
(see below) contains coefficients of power series expansion at a point z = (z1,z3). M. T. Bor-
dulyak and M. M. Sheremeta [9] considered entire functions and obtained a proposition which
describe a behavior of homogeneous polynomials with power series coefficients for functions
of bounded L-index in joint variables in the case L(z) = (l1(z1), ..., In(zn)). Recently, we
generalized [5] their result for entire functions and L(z) = (I1(z), ..., Ix(z)), where z € C".
Replacing universal quantifier by existential quantifier, there was proved also new theorem
which provides weaker sufficient conditions of boundedness of L-index in joint variables.

This leads to such a natural question: Is there a counterpart of the mentioned Bordulyak—
Sheremeta’s criterion for functions that are analytic in an arbitrary polydisc domain? Our answer
to the question is affirmative. In particular, it is proved in Theorems 1 and 2 of this paper for a
bidisc.

In this paper, we will prove a necessity of Bordulyak-Sheremeta’s criterion for analytic in a
bidisc functions and L(z) = (I1(z1,22), l2(z1,22)). As sufficiency for analytic in ID? functions,
we will deduce an analog of weaker sufficient conditions of boundedness of L-index in joint
variables from [5].
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2 MAIN DEFINITIONS AND NOTATIONS

We consider two-dimensional complex space C2. This helps to distinguish main methods
of investigation. We need some standard notations. Denote Ry = [0, +c0), 0 = (0,0) € R2,
1=(1,1) € R%,R=(r1,rn) € RZ,z = (z1,23) € C2. For A = (aj,a3) € R?, B = (by,b) € R?
we will use formal notations without violation of the existence of these expressions

AB = (ayby,azby), A/B = (a1/by,a2/b2), by #0, by #0, AP =alal2, b e 72,

and the notation A < B means that a; < b;, j € {1,2}; the relation A < B is defined similarly.
For K = (k1, k) € Z2 denote ||K|| = ki + ka, K! = kq'ky!.
The bidisc {z € Cz |zj — 20] <rj, j = 1,2} is denoted by D?(z°, R), its skeleton {z € C? :
|z; — z})\ =71y, j=12}is denoted by T?(z%, R), and the closed bidisc {z € C? : |z — ?! <
j = 1,2} is denoted by D?[z%, R], D> = D?(0,1),D = {z € C: |z| < 1}.Forp,q € Z, and
partial derivative of analytic in ID? function F(z) we will use the notation

8P+‘7P(zl, Zz)

FPa)(z) = FPA) (24, 25) :=
() (z1,22) azl 822

Let L(z) = (l(z),2(z)), where [;(z) : D* — Ry is a continuous function such that for all
z € D% Ii(z) > B/(1—lz]), j € {1,2}, where B > 1 is a some constant, B := (B, ). SN
Strochyk, M.M. Sheremeta, V.O. Kushnir [14], [20] imposed a similar condition for a function
[:D— Riand!: G — R4, where G is arbitrary domain in C.

An analytic function F: D2 — C is called a function of bounded L-index (in joint variables), if
there exists g € Z such that for all z = (zy,z3) € ID? and for all (py, p2) € Z%

(k1/k2)
SN
kalko! 151 (2) 132 (2)

1 |F(rup) (z)]
pilp2! 11 (z )lpz(z)

The least such integer 1 is called the L-index in joint variables of the function F(z) and is denoted
by N(F,L,ID?) = ny. This is an analog of definition of entire function of bounded L-index or
bounded index (L = 1) in joint variables in C? (see [3], [9, 10], [16, 17, 18]) and a definition of
analytic in a domain function of bounded index [12]. Note that a primary definition of entire
in C function of bounded index was supposed by B. Lepson [15]. Other approach (so-called
L-index in a direction) is considered in [7, 8].

By Q(ID?) we denote the class of functions L, which satisfy the condition for all 7; € [0, B],

jef{n2}

§k1+k2§ﬂo}- (1)

0< Al,j(R) < Az/j(R) < 00,

where

AL](R> - zlgﬂg lnf{ l((z >> Z€ D2 {ZO’ R/L(ZO)] } ,
i(2)

A2ji(R) = sup sup{l](Z 0 : :z € D? [z R/L(z )]}

z0eID?

It is easy to prove that the function L1(z1,2z2) = (B'/(1 —|z1]), B’/ (1 — |z2|)) belongs to
Q(ID?), where B’ > B. Other possible methods to construct these functions are considered in

[1].
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Let z' € ID?. We develop an analytic in ID? function F(z) in the power series written in a
diagonal form

(o]

Fiz) = Y pose(zi—2),(—29) =Y, Y bipla—2(-29)2 (2

k1+ko=0 k=0 j1+jo=k

where py are homogeneous polynomials of degree k. The polynomial py,, ko € Z, is called a
dominating polynomial in the power series expansion (2) on T?(z?, R) if for every z € T?(z°, R)
the next inequality holds:

A+ =K,

1
Yo Prik((z1—2)), (22— 29))| < 5 max{|bj, j
eyl K0

FULR2) (20)

Where b]l rj2 = jl !jz!

3 SOME PROPERTY OF POWER EXPANSION OF ANALYTIC IN A BIDISC FUNCTION OF
BOUNDED L-INDEX IN JOINT VARIABLES

Theorem 1. Let § > 1, L € Q(ID?). If an analytic function F in ID? has bounded L-index in
joint variables then there exists p € Z that for all d € (0; B] there exists n(d) € (0;d) such
that for each z° € ID? and somer = r(d,z°) € (y(d), d) k0 = k%(d,z%) < p the polynomial pyo
is the dominating polynomial in the series (2) on T?(Z°, I (I;O)) withR = (r,1).

Proof. Let F be of bounded L-index in joint variables with N = N(F,L, ]D2) < 400 and ng be
L-index in joint variables at a point z° € ID?. Then for each z € D? ny < N. We put

* ’bjlsz |F(]1,]2)(Z0)|
Y T 0N (0) i 17 (20N 2 (0
B (20 (20) il (29)15 (20)
=2((N+1)°>+6(N +3)!).

, ap =max{a; ; : j1+ o =k},

Letd € (0; B] be an arbitrary number. We put r,,, = m € Z and denote

_d_
@
pm = max{ar, k € Z.}, sy = min{k: ark, = pn}.

Since 20 is a fixed point the inequality azl ks < max{a}k1 B j1+j2 < np}isvalid for all (kp, ky) €
Zi. Then ay < a,, forallk € Z.. Hence, for all k > ng in view of ry < 1 we have akrlé < anorgo.
This implies sy < ny. Since cry, = r,—1, we obtain that for each k > s,,_

k k

Sm—1 Sm—1 ,—S 1
Qs 1Vm = Asy 4T 1C " > agty,

¢ = ary, K=sm1 > eqprk (3)
From (3) it follows that s,, < s,;,_1 for all m € IN. Thus, we can rewrite

o = max{apr: k < ng}, pm = max{ark: k <s,_1}.
We denote

uh = max{aprk: so #k <mno}, ui =max{art,: sy £k <s,_1},
st =min{k: k # s, aers = u3}, st = min{k: k # sy, aprk, = ui},m € N
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and we will show that there exists my € Z such, that

*
U 1
< 4
Hmy ¢
Suppose that for all m € Z the next inequality holds
. 1
P 2 )
Hm €
If s}, < sm (S5, # sm in view of definition) then we have
S;;1 * Sm Sm
4 rs;‘,, _AgxTm Uy Wm  As,Tm Aswlpq > g. pSm
Sm'm+1 T S oSm csmtl sl T psmtl—sy — om m+l
and for all k > s, k # s, similarly,
S k k k
A TS;I = as%rnlln Al m Al = okl = cayr
Sm' m+1 CS;% — CS;% — Ckfl Ck k'm+1/
ie. agr" > ark  forallk > s¥,. Hence
= st m1 k" m—+1 m ’
Smt1 < Sy < S — 1 (6)

On the contrary, if s,; < s;, < 5,1 then the equality s,,11 = s, may hold. But in this case the
inequalities sy | < sy and s}, # sy41 imply thats; | < Sy41, S5 # Swi1. Instead of (6)
we have the inequality s;,12 <'s;,_; < 8,41 —1 = s, — 1. Hence, if for all m € Z estimate
(5) is true then for all m € Z either inequality 5,11 < s —1 or 5,42 < s, — 1 holds, i.e.
Sm+2 < s — 1, because 5,42 < 5441. It implies that

ie. s, < 0if only m > 2N + 1, which is impossible. Therefore, there exists my < 2N + 1
such that (4) holds. We put r = ry,, 7(d) = m, p = N and ko = sy,. Then for all

j1+j2 # ko = sy on T2(2°, —L+) in view (4) we have

L(z9)
b 0l Ol — g% 42 < it < g < < sy _ 1k
| jl,szzl —zj|tz2 — 23| = aj i’ > Ajy 4,1 > MUy = El’lmo S sy Tmg = — kT
Thus, on T?(Z°, ﬁ) we obtain
0yj Y 1+ - 2k
+
| Z bjjin (21 — 27) (22 — 23)?| < | Z aj, " < Yo a(k+1)%r
Jit+i#ko Jiti2#ko k=0,k#ko
Sm0,1 o0 (7)
= Y alk+ 1)%k 4 Y. a(k+ 1)2k,
k=0, k#sm, k=smy—1+1

We will estimate two sums in (7). From (4) it follows that py, < %ymo or

1
max{akr'fnoz k # Sy, k < Spy—1} < B max{akr’fno vk # Sk < Smg—1},
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. k1. .k
i e aprt < cag,r0. Then

Smo1 ap ko N a. rko
Y (k1) < P Y e 1)2 < B (v 1) (8)
k=0, ks, ¢ k=0 ¢
For each k the inequality akrﬁqofl < Mmy—1 holds and, hence,
k
Al — _
kK _ my—1 Vmo 1
ﬂkrmo - Ck S Ck . (9)
Using (9) and (4) we deduce
00 %) 1 S 00 1
Yo ok D <1 Y (k12 =as, Y (k1)
k:SmO,1+1 k:Sn,0,1+1 ¢ k:SmO,1+1 ¢
rs'”071 0 1 0 1
-1 Smy—1
= asmofl ng(z)o—l CS’”071 Z (k + 1)2C_k S asmo—lrmOO Csmo*l Z (k + 1) (k + 2) E
k:SmO,1+1 k:SmO,1+1
Sm, 1) 2 k ma—1+3 (2)
< fomy? Ocs’"01< 5 xk+2>( ) _ T Ocsmml (xs 01T )
¢ k=Sug1+1 =1 € 1=x =t (10)

= _akorko cSmo-1 <(SMO1 +3)(Smo—1 + z)xsmofﬁl + 2(smg—1 + 3)xSmo-112

c 1—x (1—x)2
2xsm0,1+3 ay rko 2 xsr71071+1+]‘
- < _r 51710712 _ 3 _ 2 ;
e [ ) M
ko 2 ko
ay. v 1 a1
<l N4y < U _g(N+3)1,

because ¢ > 2. Hence, from (8) and (10) we obtain

ko kO
. . a1 Ay, v
Y bz =2z — )R] < (N 41)° + 62— (N +9)
- c c
j1t+j27#ko
ko
Ay, T 1
= = —((N+1)° +6(N +3)!) = Jag,r".
Therefore, the polynomial pjo is the dominating polynomial in the series (2) on the skeleton
T (ZO' L(EO) ) O]

Theorem 2. Let B > 1, L € Q(ID?). If there exist p € Z+,d € (0;1], 7 € (0;d) such that
for each z° € ID? and some R = (r1,r;) with rj = rj(d,z°) € (y,d), j € {1,2}, and cer-
tain k% = k°(d,z) < p the polynomial pyo is the dominating polynomial in the series (2) on
T?(z% R/L(z%)) then the analytic in ID? function F has bounded L-index in joint variables.

Proof. Suppose that there exist p € Z,d < 1and € (0,d) such that for each z° € ID?
and some R = (ry,r2) with r; = rj(d,2°) € (y,d), j € {1,2}, and kg = ko(d,z°) < p the
polynomial pyo is the dominating polynomial in the series (2) on T?(z%, R/L(z%)). Let us to
denote rg = max{ry,r2}. Then
: : ay ko
F) = Y biplz—2) -2k < =02 a1
j1tj2=ko

Z bjler (z1 — Z(l)>h (z2 — Z(z)>j2 =
J1t+ja#ko
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Using (11) and Cauchy’s inequality we have:

ko
; AT
|b11,fz (Zl - Z(l))]l( Zp — Zz)]2| = ‘1]1 ]27’]17’]22 < 020

forall j1,jo € Z4,ie. forallky +ky =k # ko

ko
ai.1,
akrll(l “0 0

2 < (12)
Suppose that F is not a function of bounded L-index in joint variables.

LetL € Q(IDZ). It is known [6] that an analytic function F in D? has bounded L-index in
joint variables if and only if there exist p € Z and ¢ € R such that for each z = (z1,2z;) € ID?

the next inequality holds

F ]1/]2
. {r (2)

(k1/k2)
L, j1+j2=p+1) <cmax w:h%—kgﬁp .
lh( )ljz(z)

I (2)15% (2)

This statement and its generalizations [19, 13, 9, 2, 6] are analogs of known Hayman’s Theorem
[11] in theory of functions of bounded index. Then by the Hayman Theorem for all p; € Z
and ¢ > 1 there exists z° € ID? such that the next inequality holds:

(jler) 0 kl,kz) 0
X{%:jl+j2:pl+1}>cmaX{% k +k2<p1}
H1(20)12(20) 171 (20)132(2°)

2
Weputpy =pandc = CZ;TRI) . Then for this z(py, ¢) we obtain:

|FU172) (29)] o 1 |F(kik2) (20))]
max | O:]1+]2:p—{—1 >Wmax YN O:k1+k2§p ,
Jiljally (29)15 (20) n kq ko' (20)152(20)

p+1
. a 1 g T,
ie. apy > % and, hence, ap+1rg+ > kopﬂl > ”koro This is a contradiction with (12).
Therefore, F is of bounded L-index in joint variables. O

The authors especially thank an anonymous referee for his valuable suggestions.
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Hamm y3araabHeHO aesiki KpuTepil o6MexeHOCTi L-iHAeKkcy 3a CyKyTHICTIO 3MiHHIMX AAST aHaAi-
TraEnX y 6ikpysi dpysxuii, ae L(z) = (I1(z1,22), l2(21,22)), Ij : D* — Ry — Henepepsra dyHKuis,
j € {1,2},D? — 6ixpyr {(z1,22) € C?: |z1| < 1,|z3| < 1}. OTpumani TBepAXeHHS OMMUCYIOTH TIOBO-
AKeHHsI pO3BMHEHHs y CTeTIeHeBIIA psiA Ha KicTsKy 6ikpyra. [Tpy mpomy cyMa BiAIIOBiAHOTO cTerre-
HeBOr'o psIAy OILliHeHa Jepe3 AOMiHYBaAbHMI OAHOPiAHMII MHOTOYAEH, CTEITiHb SIKOTO He IIepeBUIITy€e
AESIKOTO UMCAA, 3aAeKHOTO TIABKM BiA paaiycis 6ikpyra. 3aMiHIOIOUIM KBaHTOP 3araAbHOCTI Ha KBaH-
TOp iCHyBaHHS AASI 3HaUeHb paAiyciB 6ikpyra, My TaKOX AOBOAMMO AOCTaTHi YMOBM Ob6MeXXeHOCTi
L-imaexcy 3a CyKyTHICTIO 3MiHHMX AAST aHAAMIHNX (PYHKIIiM, SIKi cAab1IIi 3a HeO6XiAHI yMOBM.

Kntouosi crnosa i ppasu: aHaniTMIHa pyHKIIS, 6ikpyT, obMexeHmI1 L-iHAeKC 3a CyKyIHICTIO 3MiH-
HIX, MaKCYIMYM MOAYASI, YaCTVHHA ITOXiAHa, TOAOBHIIT MHOTOUAEH, CTETIeHeBIIA PSIA.



