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EXTENSIONS OF MULTILINEAR MAPPINGS TO POWERS OF LINEAR SPACES

We consider the question of the possibility to recover a multilinear mapping from the restriction
to the diagonal of its extension to a Cartesian power of a space.
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INTRODUCTION

Let X and Y be linear spaces over the same field K. It is well-known (see e. g. [1, Theo-
rem 1.10]) that every symmetric n-linear mapping A : X" — Y can be recovered from its restric-
tion to the diagonal A : X — Y, A(x) = A(x,...,x), by means of the so-called Polarization

Formula:
1 —~
A(xy, ..., xp) = i 2 €1...enAe1Xx1 + ...+ €nXp).

€1, ,en==1

But in general if A is non-symmetric, it cannot be recovered from A. For example, if A is alter-
nating, then Ais equal to zero. Let us recall that A is called alternating if A(xg(l), cee, xg(n)) =
(=1)7A(x1,...,x,) forevery x1,...,x, € Xand o € S, where S, is the group of all permuta-
tions of n elements and (—1) is the sign of the permutation ¢.

In [1, p. 8] it has been introduced mappings between complex linear spaces, which are
linear with respect to some arguments and antilinear with respect to other arguments. If such
a mapping is symmetric with respect to “linear” and “antilinear” arguments separately, then it
can be recovered from its restriction to the diagonal by means of polarization formulas, proved
in [2] and [3]. Note that in this case there are no any requirements of symmetry between
“linear” and “antilinear” arguments. In some cases for multilinear mappings there is a similar
situation. For example, if A : X" — Y is an n-linear mapping, then a mapping A (X" =Y,
defined by

A(xl, ce Xy) = A(xgl),. .., x,S”)),

1
where xj = (x]( ),...,x]@

non-symmetric) and its restriction to the diagonal A(x) is equal to A(xM),...,x") for x =
(x(l), een, x(”)) € X". Therefore, A and, consequently, g, can be recovered from the restriction
of A to the diagonal.

We consider the question of the possibility of recovering of a multilinear mapping from the
restriction to the diagonal of its extension to a power of a space.

) € X", j € {1,...,n}, is an n-linear mapping too (in general,
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1 THE MAIN RESULT

Let M = (mij>;'1,j:1 be a matrix of scalars from K. Then for every n-linear mapping A :

X" — Y amapping Eyp(A) : (X")" — Y, defined by
Epm(A)(x1,...,x0) = A(mnxgl) +...+ mlnxgn),- . ,mnlx,(ql) +...+ mnnx,(,,")),

where x1,...,x, € X", is an n-linear mapping. Its restriction to the diagonal is equal to

m)(x) =Y ... )Y mlkl...mnknA(x(kl),...,x(k”)). (1)
ki=1  kn—=1

Note thatif m;; = 1,i =1,...,n, for the fixed j € {1,...,n}, then Ep(A) is an extension of A.

Proposition 1.1. For every n-linear alternating mapping A : X" =Y,

—

Em(A)(x) = det(M)A(xD, ..., xM),
where x = (x1), ..., x(") € X",

Proof. Since A is alternating, A(x(kl),. .., x(k")) = 0if k; = ks for some [ # s. Therefore, by (1),

—

Em(A)(x) = Y Mig(ry) - - Mo AW, x o)y,
oESy,
Since A(x("MW), .., x(@m)) = (—1)7A(x(V), ..., x("), therefore
m)(x) =) (=1)7mig(k,) - ..m,w(kn)A(x(l),...,x(")) =det(M)A(xM, ..., xM).
oEeS,

]

Let us consider recovering of multilinear mappings, which in general are neither symmetric
nor alternating. It can be easily seen that if M is a diagonal matrix, then

—

Em(A)(x) = myq ... mun A(xD, .., x()

for every n-linear mapping A. Let us construct a non-diagonal matrix M’ such that every n-

linear mapping A can be recovered from Em) Let

11 1 1
1 -1 1 1
M=11 1 =1 1
1 1 1 1

Fork e {1,...,n}letip: X — X", ix(x) = (0,...,0,x,0,...,0).
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—

Theorem 1. The n-linear mapping A can be recovered from E,; (A) by means of the formula:

1 1 . . —
A(xy, .., xn) = 221 Z (—1)]2+"'+J” Z €1...exEpr(A)
j2/~-v/j11:O E1yueey en==+1 (2)
X <51i1(x1) + szp]f)(xz) +...+ snp](:)(xn)»

where

i1(x), ifj, =0,
p](f)(x) _{ '1( ), if ji

fork € {2,...,n}.

Proof. Lety; = i1(x1),y2 = pl(f)(xz),...,yn = p](:)(xn). Notice that
Y. er...enEp(A) e+ A EnYn)
81,...,8n:i1
n
= Z EM’(A)(yky"'lykn) Z 81...€n€k1...8kn
kl,...,kn=1 81,...,£n=:|:1
and
2" ifk o FEky,
2 €1...En€py - - Ek, = 17&, 7 ki
c ‘ 0, otherwise.
Treeer Sy,fil
Therefore,
1 o
2_" Z 81...€nEM/(A)(81]/1+...—|—€nyn) = Z EM’(A)(ya(l)r"'/yU(n)>'
€1,...,6n==1 oEeS,

For 0 € S, such that (1) = n we have

1 1

3 (=1 Ent (A) Wty -+ Yotn-1y Vo) = 2 (=1 Eri(A) (Vo) Yoty P (5n))
Jn=0 jn=0

= Epm (A)Yo(1), -+ Yon—1),11(xn)) — EMr(A) Yo (1) - -+ Yo (n=1), in(xXn))
=2Ep (A) o) - - Yo(n—1), 11 (xXn))-
For ¢ € S, such that o(n) # n we have

1 1

Y (U Epr (A Woays - o Yorm) = 3 (=) <ya(1)r' : '/p](:)(xn>/"'/y¢7(n))
Jn= jn=0

= Epm (A) Yoy, - i1(xn)s - Yo ) — Emr(A) oy, -+ in(xXn), - Yo(n)) = 0.
Therefore, the right-hand side of (2) is equal to

1 ! L .
n—2 Y. (=prtether N Eni(A) Yoy - Yo(n—1),11(Xn)).

J2seeerfn—1=0 cESy, o(n)=n

After applying this method n — 1 times we obtain that the right-hand side of (2) is equal to
Epp(A)(i1(x1),i1(x2), ..., i1(xy)), which is equal to A(xq,x2, ..., Xp). O
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PO3rAsTHYTO MMTaHHSI MOXKAMBOCT BiAHOBAEHHST MYABTMAIHITHOTO BiAOOpaXeHHS 3i 3By XEHHS
Ha AlarOHaAb IPOAOBXXEHHS IIbOTO BiAOOpaKeHHS Ha AeSKUIA AEKAPTIiB CTEMiHb IPOCTOpY.

Kntouoei cnosa i ppasu: MyAbTHAiHIVHe BiA0O6pakeHHs, TOASpU3alliliHa popMyAa.



