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COUNTABLE HYPERBOLIC SYSTEMS IN THE THEORY OF NONLINEAR

OSCILLATIONS

In this article a model example of a mixed problem for a fourth-order differential equation is

reduced to initial-boundary value problem for countable hyperbolic system of first order coherent

differential equations.
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INTRODUCTION

Many problems from Elasticity Theory, Gas dynamics, Theory of plates and shells reduced

to partial higher order differential equations [1, 2, 3] using Fourier method [3] or the method

of Principal coordinates [1]. As a result we get a infinite system of ordinary differential equa-

tions. The Theory of countable ordinary differential systems is described in the monograph

[4]. However, in many cases, particularly in the famous Hadamard’s example [5, p.112] about

correct solvability of initial problem for Cauchy-Riemann equation, if interpret partial solu-

tions like un = In(t) cos nx, vn = Jn(t) sin nx, we get a countable system of partial first order

differential equations. Similar systems occur in determining of the generalized solution for

hyperbolic first order equations [5, p.132], in the investigation of mathematical models of self-

excited oscillator with distributed parameters [6], in many periodic solutions of quasi-linear

hyperbolic systems [7] and others. Some questions about the correct solvability of initial-

boundary value problems for countable hyperbolic systems of first order differential equations

are considered in [8, 9, 10, 13].

1 STATEMENT OF PROBLEM

In the domain Q = {(t, x, y) : t ∈ (0, T), x ∈ (0, l1), y ∈ (0, l2)} we consider fourth order

partial differential equation

utt + B(t, x)(utx + uxyy) + C(t, x)uxx + uyyyy + 2utyy = f
(

t, x, y, u, ut, ux, uyy

)

(1)

with initial

u|t=0 = ϕ(x, y),

ut|t=0 = ψ(x, y), 0 ≤ x ≤ l1, 0 ≤ y ≤ l2,
(2)
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and boundary conditions

u|y=0 = u|y=l2 = 0,

∂2u

∂y2

∣

∣

∣

y=0
=

∂2u

∂y2

∣

∣

∣

y=l2
= 0, 0 ≤ x ≤ l1, 0 ≤ t ≤ T,

u|x=0 = µ(t, y), u|x=l1 = ν(t, y), 0 ≤ y ≤ l2, 0 ≤ t ≤ T,

(3)

where

µ(0, y) = ϕ(0, y), ν(0, y) = ϕ(l1, y), µ′
t(0, y) = ψ(0, y), ν′t(0, y) = ψ(l1, y),

ϕ(x, 0) = ϕ(x, l2) = 0, ψ(x, 0) = ψ(x, l2) = 0,

ϕ′′
yy(x, 0) = ϕ′′

yy(x, l2) = 0, ψ′′
yy(x, 0) = ψ′′

yy(x, l2) = 0.

2 THE REDUCTION EQUATION (1) TO A COUNTABLE SYSTEM OF SECOND ORDER

DIFFERENTIAL EQUATIONS

We will search solution of the problem (1)–(3) using separation of variables method, namely

in the form of a series

u(t, x, y) = v0(t, x) +
∞

∑
n=1

(

vn(t, x) cos αny + wn(t, x) sin αny
)

, (4)

where αn = 2πn
l2

(see [12, 13]). Substituting (4) in boundary conditions (3), we obtain
∞

∑
n=0

vn(t, x) = 0 and
∞

∑
n=1

α2
nvn(t, x) = 0. Suppose, that vn(t, x) ≡ 0 for all n ∈ N and

(t, x) ∈ Πt,x = (0, T)× (0, l1).

Assume that the initial data of the problem (1)–(3) are sufficiently smooth. Let compatibil-

ity conditions are fulfilled and the initial data are unambiguous decomposed in a series

f
(

t, x, y, u,
∂u

∂t
,

∂u

∂x
,

∂2u

∂y2

)

=
∞

∑
n=1

fn

(

t, x, w1, w2, . . . ,
∂w1

∂t
,

∂w2

∂t
, . . . ,

∂w1

∂x
,

∂w2

∂x
, . . .

)

sin αny, (5)

ϕ(x, y) =
∞

∑
n=1

ϕn(x) sin αny, ψ(x, y) =
∞

∑
n=1

ψn(x) sin αny, (6)

µ(t, y) =
∞

∑
n=1

µn(t) sin αny, ν(t, y) =
∞

∑
n=1

νn(t) sin αny. (7)

Let ωn =
(

2πn
l2

)2
. Substitute equality (4) in equation (1) and conditions (2) and (3). After

multiplying received equalities by sin αmy, (m = 1, 2, . . .) and integrating in the interval from

0 to l2, with considering conditions (5)–(7), we obtain the countable system of second-order

differential equations

∂2wn

∂t2
+ B(t, x)

(∂2wn

∂t∂x
− ωn

∂wn

∂x

)

+ C(t, x)
∂2wn

∂x2
+ ω2

nwn − 2ωn
∂wn

∂t

= fn

(

t, x, w1, w2, . . . ,
∂w1

∂t
,

∂w2

∂t
, . . . ,

∂w1

∂x
,

∂w2

∂x
, . . .

)

, n ∈ N,

(8)

with initial and boundary conditions

wn|t=0 = ϕn(x),
∂wn

∂t

∣

∣

∣

t=0
= ψn(x), 0 ≤ x ≤ l1,

wn|x=0 = µn(t), wn|x=l1 = νn(t), 0 ≤ t ≤ T.
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Propose a change of variables wn = vneωnt. Then all derivatives will be rewritten in a form

∂wn

∂t
=

(∂vn

∂t
+ ωnvn

)

eωnt,
∂wn

∂x
=

∂vn

∂x
eωnt,

∂2wn

∂t2
=

(∂2vn

∂t2
+ 2ωn

∂vn

∂t
+ ω2

nvn

)

eωnt,

∂2wn

∂t∂x
=

(∂2vn

∂t∂x
+ ωn

∂vn

∂x

)

eωnt,
∂2wn

∂x2
=

∂2vn

∂x2
eωnt.

As a result, we obtain the countable system of second order differential equations

∂2vn

∂t2
+ B(t, x)

∂2vn

∂t∂x
+ C(t, x)

∂2vn

∂x2

= f̃n

(

t, x, v1, v2, . . . ,
∂v1

∂t
,

∂v2

∂t
, . . . ,

∂v1

∂x
,

∂v2

∂x
, . . .

)

, n ∈ N,

where

f̃n = e−ωnt fn

(

t, x, v1eωnt, v2eωnt, . . . ,

∂v1

∂t
eωnt + ωnv1eωnt,

∂v2

∂t
eωnt + ωnv2eωnt, . . . ,

∂v1

∂x
eωnt,

∂v2

∂x
eωnt, . . .

)

.

Initial and boundary conditions will be rewritten in a form

vn|t=0 = ϕn(x),
∂vn

∂t

∣

∣

∣

t=0
= ψ̃n(x), 0 ≤ x ≤ l1,

vn|x=0 = µ̃n(t), vn|x=l1 = ν̃n(t), 0 ≤ t ≤ T,

where µ̃n(t) = µn(t)e−ωnt, ν̃n(t) = νn(t)e−ωnt, ψ̃n(x) = ψn(x)− ωn ϕn(x).

3 THE REDUCTION TO COUNTABLE SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS

Suppose that ∆(t, x) = B2(t, x)− 4C(t, x) > 0, for all (t, x) ∈ Πt,x, so each equation of the

system (8) has hyperbolic type. We denote

λi(t, x) =
B(t, x) + (−1)i

√

∆(t, x)

2
,

vi,n =
∂vn

∂t
+ λi

∂vn

∂x
, i = 1, 2.

Then

∂vn

∂x
=

v2,n − v1,n√
∆

,

∂vn

∂t
= v2,n − (B +

√
∆)

v2,n − v1,n

2
√

∆
.

Due to variables changes, each equation of the system (8) would be equivalent to the system

of equations [5, 11]

∂vi,n

∂t
+ λ3−i

∂vi,n

∂x
=

1√
∆

(∂λi

∂t
+ λ3−i

∂λi

∂x

)

(v2,n − v1,n)

+ f̃n

(

t, x, v1, . . . , v2,1 − (B +
√

∆)
v2,1 − v1,1

2
√

∆
, . . . ,

v2,1 − v1,1√
∆

, . . .
)

,

∂vn

∂t
= v2,n − (B +

√
∆)

v2,n − v1,n

2
√

∆
, i = 1, 2, n ∈ N.

(9)
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Suppose, that λ1(t, x) ≥ 0, λ2(t, x) ≤ 0
(

a sufficient condition is execution the inequality

|B(t, x)| ≤
√

∆(t, x)
)

. Conduct characteristic L1(0, 0) through the point (0, 0) and characteris-

tic L2(0, l1) through the point (0, l1), which are the solutions of Cauchy problems

dx

dt
= λ1(t, x), x(0) = 0,

dx

dt
= λ2(t, x), x(0) = l1.

Thus, rectangle Πt,x is divided into three parts (see Figure 1).

Figure 1: Partition of domain by characteristics with slope λ1 ≥ 0, λ2 ≤ 0.

In subdomain Π0 for system (9) define the initial conditions

vn|t=0 = ϕn(x), vi,n|t=0 = ψ̃n(x) + λi|t=0
dϕn

dx
(x), i = 1, 2.

In Π1 for vn and v2,n define the initial conditions, and for v1,n define the boundary condi-

tions on the left side

vn|t=0 = ϕn(x), v2,n|t=0 = ψ̃n(x) + λ2|t=0
dϕn

dx
(x),

v1,n|x=0 =
2
√

∆

B +
√

∆

∣

∣

∣

x=0

dµ̃n

dt
(t) +

(

1 − 2
√

∆

B +
√

∆

)
∣

∣

∣

x=0
v2,n|x=0.

In subdomain Π2 for vn and v1,n define the initial conditions, and for v2,n define the bound-

ary conditions on the right side

vn|t=0 = ϕn(x), v1,n|t=0 = ψ̃n(x) + λ1|t=0
dϕn

dx
(x),

v2,n|x=l1 =
2
√

∆√
∆ − B

∣

∣

∣

x=l1

dµ̃n

dt
(t) +

B +
√

∆

B −
√

∆

∣

∣

∣

x=l1
v1,n|x=l1 .

Remark 3.1. If the following condition is not fulfilled λ1 ≥ 0, λ2 ≤ 0, there is possible to get

such cases:

i) λ1 ≥ λ2 ≥ 0, λ2
1 + λ2

2 6= 0;

ii) λ1 ≤ λ2 ≤ 0, λ2
1 + λ2

2 6= 0.

In the first case, for system (1) it is necessary to define the boundary conditions in the next

form

u|x=0 = µ(t, y), ux|x=0 = ν(t, y), 0 ≤ y ≤ l2, 0 ≤ t ≤ T.
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Figure 2: Partition of domain by characteris-

tics with slope λ1, λ2 > 0.

Figure 3: Partition of domain by characteris-

tics with slope λ1, λ2 < 0.

Conduct characteristics L1(0, 0) and L2(0, 0) through the point (0, 0), which are the solu-

tions of Cauchy problems
dx

dt
= λi, x(0) = 0, i = 1, 2.

Thus, rectangle Πt,x is devided into three parts (see Figure 2).

In subdomain Π0 define the initial conditions

vn|t=0 = ϕn(x), vi,n|t=0 = ψ̃n(x) + λi|t=0
dϕn

dx
(x), i = 1, 2.

In Π1 for vn and v2,n define the initial conditions, and for v1,n define the boundary condi-

tions on the left side

vn|t=0 = ϕn(x), v2,n|t=0 = ψ̃n(x) + λ2|t=0
dϕn

dx
(x),

v1,n|x=0 =
dµ̃n

dt
(t) + λ1|x=0ν̃n(t).

In subdomain Π2 for vn define the initial conditions, and for v1,n and v2,n define the bound-

ary conditions on the left side

vn|t=0 = ϕn(x), vi,n|x=0 =
dµ̃n

dt
(t) + λi|x=0νn(t).

Similarly, the initial and boundary conditions would be defined in case, when λ1 ≤ λ2 ≤ 0,

λ2
1 +λ2

2 > 0 (see Figure 3). In this case for the system (1) we have to set the boundary conditions

in the following form

u|x=l1 = µ(t, y), ux|x=l1 = ν(t, y), 0 ≤ y ≤ l2, 0 ≤ t ≤ T.

4 EXAMPLE

For example, consider a differential equation

utt − x2uxx + uyyyy + 2utyy = −xux +
(

− π

6
+ πy − y2

)

u + f (t, x, y), (10)
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where f (t, x, y) — some polynomial of (t, x, y), with initial conditions

u|t=0 = 0, ut|t=0 =
(

y5 − 5

2
πy4 +

5

3
π2y3 − 1

6
π4y

)

(πx − x2), 0 ≤ x ≤ π, 0 ≤ y ≤ π,

and homogeneous boundary conditions

∂2u

∂y2

∣

∣

∣

y=0
=

∂2u

∂y2

∣

∣

∣

y=π
= 0,

u|y=0 = u|y=π = 0, u|x=0 = u|x=π = 0, 0 ≤ x ≤ π, 0 ≤ y ≤ π, 0 ≤ t ≤ T.

(11)

The solution can be sought in the form u(t, x, y) =
∞

∑
n=1

wn(t, x) sin 2ny. Functions on the

right side of the equation and the initial conditions decomposed in such series

y5 − 5

2
πy4 +

5

3
π2y3 − 1

6
π4y = −

∞

∑
n=1

15

2n5
sin 2ny,

f (t, x, y) =
∞

∑
n=1

fn(t, x) sin 2ny,

− π2

6
+ πy − y2 = −

∞

∑
m=1

1

m2
cos 2my,

(

− π2

6
+ πy − y2

)

u =
∞

∑
n=1

∞

∑
k=1

∞

∑
m=1

wk

m2
δk,m

n sin 2ny,

where δk,m
n =

{ 1
2 , if k + m − n = 0,

−1
2 , if (k − m + n)(m − k + n) = 0.

So, we obtain the countable system of second order differential equations

∂2wn

∂t2
− x2 ∂2wn

∂x2
+ ω2

nwn − 2ωn
∂wn

∂t
= −x

∂wn

∂x
+

∞

∑
k=1

∞

∑
m=1

wk

m2
δk,m

n + fn, n ∈ N, (12)

with initial conditions

wn|t=0 = 0,
∂wn

∂t

∣

∣

∣

t=0
= − 15

2n5
(πx − x2), 0 ≤ x ≤ π, n ∈ N,

and homogeneous boundary conditions.

Perform a change of variables wn = vneωnt. The system (12) will be rewritten in a form

∂2vn

∂t2
− x2 ∂2vn

∂x2
+ x

∂vn

∂x
=

∞

∑
k=1

∞

∑
m=1

vke(ωk−ωn)t

m2
δk,m

n +
fn

eωnt
, n ∈ N,

with initial and homogeneous boundary conditions

vn|t=0 = 0,
∂vn

∂t

∣

∣

∣

t=0
= − 15

2n5
(πx − x2), 0 ≤ x ≤ π, n ∈ N.

In this case ∆ = 4x2, that is

v1,n =
∂vn

∂t
+ x

∂vn

∂x
,

v2,n =
∂vn

∂t
− x

∂vn

∂x
.
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As a result, we obtain the countable system of first order differential equations































∂v1,n

∂t
− x

∂v1,n

∂x
=

∞

∑
k=1

∞

∑
m=1

vke(ωk−ωn)t

m2
δk,m

n +
fn

eωnt
,

∂v2,n

∂t
+ x

∂v2,n

∂x
=

∞

∑
k=1

∞

∑
m=1

vke(ωk−ωn)t

m2
δk,m

n +
fn

eωnt
,

∂vn

∂t
=

v1,n + v2,n

2
.

(13)

Since λ1 = x > 0, λ2 = −x < 0, initial and boundary conditions will be rewritten in a

form:

vn|t=0 = 0, v1,n|t=0 = − 15

2n5

(

πx − x2
)

, v2,n|t=0 = − 15

2n5

(

πx − x2
)

, (t, x) ∈ Π0; (14)

vn|t=0 = 0, v2,n|t=0 = − 15

2n5

(

πx − x2
)

, v1,n|x=0 = −v2,n|x=0, (t, x) ∈ Π1; (15)

vn|t=0 = 0, v1,n|t=0 = − 15

2n5

(

πx − x2
)

, v2,n|x=π = −v1,n|x=π, (t, x) ∈ Π2. (16)

After solving the problem (13)–(16) (see [9]), we will obtain a system of functions

vn = − 15t

2n5eωnt
(πx − x2),

v1,n = − 15t

2n5eωnt

(

(1 − ωnt)(πx − x2) + t(πx − 2x2)
)

,

v2,n = − 15t

2n5eωnt

(

(1 − ωnt)(πx − x2)− t(πx − 2x2)
)

.

So wn = −15t
2n5 (πx − x2).

Therefore u(t, x, y) = 15t
2 (x2 − πx)

∞

∑
n=1

sin 2ny
n5 is the exact solution of the problem (10)–(11).

In the Figure 4 we can see 3D-graphics of the solution in the case of t = 0.25 and t = 0.5.

Figure 4: Graphics of solutions at t = 0.25 and t = 0.5.

Together with the problem (13)–(16), we consider truncated system
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





























∂v1,n

∂t
− x

∂v1,n

∂x
=

N

∑
k=1

∞

∑
m=1

vke(ωk−ωn)t

m2
δk,m

n +
fn

eωnt
,

∂v2,n

∂t
+ x

∂v2,n

∂x
=

N

∑
k=1

∞

∑
m=1

vke(ωk−ωn)t

m2
δk,m

n +
fn

eωnt
,

∂vn

∂t
=

v1,n + v2,n

2
,

(17)

with the initial and the boundary conditions (14)–(16). With some suppositions [10], the solu-

tions of the problems (17), (14)–(16) and (13)–(16) will be as close as possible.

Let vN
n is the solution of the problem (17), (14)–(16) and uN(t, x, y) =

N

∑
n=1

wN
n sin 2ny. Figure

5 shows a graph of
max
t,x,y

{|uN(t,x,y)−u(t,x,y)|}
max
t,x,y

{|u(t,x,y)|} .

Figure 5: Dependence of difference between exact and approximate solution by N.
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У цiй роботi на модельному прикладi мiшаної задачi для диференцiального рiвняння че-

твертого порядку показано, як таку задачу можа звести до задачi для злiченної гiперболiчної

системи зв’язних рiвнянь першого порядку.

Ключовi слова i фрази: злiченна гiперболiчна система, мiшана задача.


