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PROPERTIES OF DISTANCE SPACES WITH POWER TRIANGLE INEQUALITIES

Metric spaces provide a framework for analysis and have several very useful properties. Many of
these properties follow in part from the triangle inequality. However, there are several applications
in which the triangle inequality does not hold but in which we may still like to perform analysis.
This paper investigates what happens if the triangle inequality is removed all together, leaving what
is called a distance space, and also what happens if the triangle inequality is replaced with a much
more general two parameter relation, which is herein called the “power triangle inequality”. The
power triangle inequality represents an uncountably large class of inequalities, and includes the tri-
angle inequality, relaxed triangle inequality, and inframetric inequality as special cases. The power
triangle inequality is defined in terms of a function that is herein called the power triangle func-
tion. The power triangle function is itself a power mean, and as such is continuous and monotone
with respect to its exponential parameter, and also includes the operations of maximum, minimum,
mean square, arithmetic mean, geometric mean, and harmonic mean as special cases.
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1 INTRODUCTION AND SUMMARY

Metric spaces provide a framework for analysis and have several very useful properties.
Many of these properties follow in part from the triangle inequality. However, there are several
applications! in which the triangle inequality does not hold but in which we would still like to
perform analysis. So the questions that natually follow are:

Q1.
Q2.

What happens if we remove the triangle inequality all together?
What happens if we replace the triangle inequality with a generalized relation?

A distance space is a metric space without the triangle inequality constraint. Section 3
introduces distance spaces and demonstrates that some properties commonly associated with
metric spaces also hold in any distance space:

D1.
D2.
Da3.
D4.
D5.
De.

@ and X are open, (Theorem 1),
the intersection of a finite number of open sets is open, (Theorem 1),
the union of an arbitrary number of open sets is open, (Theorem 1),

every Cauchy sequence is bounded, (Proposition 1),
any subsequence of a Cauchy sequence is also Cauchy, (Proposition 2),
the Cantor Intersection Theorem holds, (Theorem 4).
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The following five properties (M1-M5) do hold in any metric space. However, the examples
from Section 3 listed below demonstrate that the five properties do not hold in all distance
spaces:

ML the metric function is continuous fails to hold in Examples 1-3,

M2, open balls are open fails to hold in Examples 1 and 2,
Mm3. the open balls form a base for a topology fails to hold in Examples 1 and 2,
M4 the limits of convergent sequences are unique fails to hold in Example 1,

Ms. convergent sequences are Cauchy fails to hold in Example 2.

Hence, Section 3 answers question Q1.
Section 4 begins to answer question Q2 by first introducing a new function, called the power
triangle function (see Definition 21) in a distance space (X, d), as

1
T(p,0;x,y,z;d) :=20 de(x,z) + %dp(z,y)] ’

for some (p, o) € R* x RR. Section 4 then goes on to use this function to define a new relation,
called the power triangle inequality in (X, d), and defined as

A (p,0;d) := {(x,y,z) e x3 |d(x,y) < t(p,o;x,y,2d) }

The power triangle inequality is a generalized form of the triangle inequality in the sense
that the two inequalities coincide at (p, o) = (1,1). Other special values include (1, ¢) yielding
the relaxed triangle inequality (and its associated near metric space) and (oo, o) yielding the
o-inframetric inequality (and its associated c-inframetric space). Collectively, a distance space
with a power triangle inequality (see Definition 23) is herein called a power distance space (see
Definition 24) and denoted (X, d, p,).?

The power triangle function, at ¢ = 1, is a special case of the power mean (see Definition
32) with N = 2and A; = A; = 1. Power means have the elegant properties of being continuous
and monontone with respect to a free parameter p. From this it is easy to show that the power
triangle function is also continuous and monontone with respect to both p and ¢. Special
values of p yield operators coinciding with maximum, minimum, mean square, arithmetic
mean, geometric mean, and harmonic mean. Power means are briefly described in Appendix
B.2 (see also Corollaries 2, 3, 8 and Theorem 18).

Section 4.2 investigates the properties of power distance spaces. In particular, it shows for
what values of (p, o) the properties M1-M5 hold. Here is a summary of the results in a power
distance space (X, d, p,0), forall x,y,z € X:

1) holds for any (p,c) € (R*\{0}) x R such that 20 = 2%, (Theorem 9),

o2 holds forany (p,c) € (R*\{0}) x R such that 20 < 2%, (Corollary 7),
3) holds forany (p, o) € (R*\{0}) x R such that 20 < 2%, (Corollary 6),

o4 holds forany (p, o) € R* x RT, (Theorem 10),

os) holds forany (p, o) € R* x RT, (Theorem 7).

Appendix A briefly introduces topological spaces. The open balls of any metric space form
a base for a topology. This is largely due to the fact that in a metric space, open balls are
open. Because of this, in metric spaces it is convenient to use topological structure to define

2 For examples of power distance spaces see Definition 24.



PROPERTIES OF DISTANCE SPACES WITH POWER TRIANGLE INEQUALITIES 53

and exploit analytic concepts such as continuity, convergence, closed sets, closure, interior,
and accumulation point. For example, in a metric space, the traditional definition of defining
continuity using open balls and the topological definition using open sets, coincide with each
other. Again, this is largely because the open balls of a metric space are open.

However, this is not the case for all distance spaces. In general, the open balls of a distance
space are not open, and they are not a base for a topology. In fact, the open balls of a distance
space are a base for a topology if and only if the open balls are open. While the open sets in a
distance space do induce a topology, it’s open balls may not (see Theorem 2, Corollary 1).

2 STANDARD DEFINITIONS

2.1 Standard sets

Definition 1. Let R be the set of real numbers. Let R™ (resp. R") be the set of non-negative
(resp. postive) real numbers. Let R* := R U {—o0, 00} be the set of extended real numbers [95].
Let Z be the set of integers. Let N := {n € Z|n > 1} be the set of natural numbers. Let
Z" :=Z U {—oo,0} be the extended set of integers.

Definition 2. Let X be a set. The quantity 2% (the set of all subsets of X) is the power set of X,
ie 2% :={ACX}.

2.2 Relations

Definition 3 ([12,13,29,57,67,78,106]). Let X and Y be sets. The Cartesian product X x Y of X
andY istheset X x Y := {(x,y) |x € Xandy € Y}. An ordered pair (x,y) on X and Y is any
elementin X x Y. A relation ® on X and Y is any subset of X x Y such that ® C X x Y. The
set 2XY is the set of all relations in X x Y. A relation f € 2XY is a function if (x,y;) € f and
(x,2) € f impliesy; = yo. The set YX is the set of all functions in 2X¥

Note, that the notation YX and 2XY is motivated by the fact that for finite X and Y,
|Y|‘X‘ and | 2%V | = 2l XI1Y1,

YX| =

2.3 Set functions

Definition 4 ([55,87,92]). Let 2% be the power set of a set X. A set S(X) is a set structure on X
if S(X) C 2%. A set structure Q(X) is a paving on X if @ € Q(X).

Definition 5 ([25,55,56,92]). Let Q(X) be a paving on a set X. LetY be a set containing the
element 0. A function m € Y2(X) js a set function if m(@) = 0.

Definition 6. The set function | A| € 7+*" is the cardinality of A € 2% such that
A= the number of elements in A, for finite A,
T oo, otherwise.

Definition 7. Let | X | be the cardinality of a set X. The structure & is the empty set, and is a
set such that | @ | = 0.
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2.4 Order

Definition 8 ([4,38,70,77]). Let X be a set. A relation < is an order relation in 2XX if
1 x<x Vx e X  (reflexive) and
2 x<y and y<z = x<z Vx,y€ X (transitive) and

3. x<y and y<x = x=y Vx,y € X (anti-symmetric).
An ordered set is the pair (X, <).3 A relation < is a preorder relation in 2XX if only the first
two conditions hold.

We write x < yif x < y and x # y for any x, y from an ordered set ( X, <).

Definition 9 ([2,91]). In an ordered set ( X, <) theset [x : y] := {z € X|x <z <y} isa closed
interval, the sets (x:y] := {ze€ X|x<z<y}and [x:y) := {z€ X|x <z <y} are half-
open intervals, the set (x : y) := {z € X|x < z < y} is an open interval.

Definition 10. Let (R, <) be the ordered set of real numbers. The absolute value |-| € RR is

' sy [ —x, forx <0,
defined as” | x| '_{ x, otherwise

3 BACKGROUND: DISTANCE SPACES

A distance space can be defined as a metric space without the triangle inequality constraint.
Much of the material in this section about distance spaces is standard in metric spaces. How-
ever, this paper works through this material again to demonstrate “how far we can go”, and
can’t go, without the triangle inequality.

3.1 Fundamental structure of distance spaces

3.1.1 Definitions
Definition 11 ([6,9, 10,41, 50, 68,74,82,118]). A function d in the set RX*X is a distance if

. d(x,y) > 0 Vx,y € X (non-negative) and
2 d(x,y) = 0 < x=y Vx,y€ X (nondegenerate) and
3 d(x,y) = d(y,x) Vx,y € X (symmetric).

The pair (X, d) is a distance space if d is a distance on a set X.

Definition 12. ® Let (X, d) be a distance space and 2% be the power set of X. The diameter in
(X,d) ofaset A € 2X is

diam A :— 0, for A =@,
" | sup{d(x,y)|x,y € A}, otherwise.

Definition 13 ([16,110]). A set A € 2% is bounded in a distance space (X, d) if diam A < oo.

3 An order relation is also called a partial order relation. An ordered set is also called a partially ordered set
or poset.

4 A more general definition for absolute value is available for any commutative ring [26]. Let R be a commu-
tative ring. A function |-| in RR is an absolute value, or modulus, on R if

1 x| > 0 x € R  (non-negative) and
2, x| = 0<= x=0 x€R (nondegenerate) and
3. lxy| = |x|-|y| x,y € R (homogeneous/submultiplicative) and
4 x4yl < x|+l X,y € R (subadditive/triangle inequality).

5 For definition in metric space see [30, 60, 83,87].
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3.1.2 Properties

Remark 1. Let {x,},., be a sequence in a distance space (X,d). The distance space (X,d)
does not necessarily have all the nice properties that a metric space has. In particular, note the
following:

1. disa distance in (X, d) =~ dis continuous in (X,d), (Example 3),

2. Bisan open ball in (X,d) =~ Bisopenin(X,d), (Example 2),

3. B is the set of all =~ Bisabase fora (Example 2),°
open balls in (X, d) topology on X,

4 {x,} is convergentin (X,d) =/~ limitis unique, (Example 1),

5. {xn} is convergentin (X,d) =~ {x,}isCauchyin(X,d), (Example 2).

3.2 Open sets in distance spaces

3.2.1 Definitions

Definition 14 ([1]). Let (X, d) be a distance space. An open (resp. closed) ball centered at x
with radiusr is the set B(x,r) := {y € X |d(x,y) <r} (resp. B (x,7) := {y € X|d(x,y) <r}).

Definition 15. Let (X, d) be a distance space. Let X\ A be the set difference of X and a set A. A
set U is open in (X, d) if U € 2% and for every x in U there existsr € RT such that B(x,r) C U.
A setU is an open setin (X,d) if U is open in (X,d). A set D is closed in (X, d) if X\D is open.
A set D is a closed set in (X, d) if D is closed in (X, d).

3.2.2 Properties

Theorem 1 ([43,97]). Let (X,d) be a distance space. Let N be any (finite) positive integer. Let
I' be a set possibly with an uncountable number of elements. Then the following statements

hold.
1. X is open.

2. Jisopen.
5. Eachelementin {U, € 2X|yeT}isopen = | J U, isopen.
yerl

N
4. Each elementin {Uy|n =1,2,...,N} isopen = (] U, isopen.
n=1
Proof. 1. By definition of open set, X is open iff Vx € X 3 such that B(x,7) C X. By definition
of open ball, it is always true that B(x,7) C X in (X, d). Therefore, X is open in (X, d).
2. By definition of open set, @ is open iff Vx € @ 3 such that B(x,r) C @. By definition of
empty set &, this is always true because no x is in @. Therefore, @ is open in (X, d).
3. By definition of open set, |J U, is open iff Vx € (JU, 3r such that B(x,r) € UU,.
If x € UU,, then there is at least one U € |JU, that contains x. By the left hypothesis in
statement 3, that set U is open and so for that x Jr such that B(x,) C U C U,. Therefore,
U U, isopenin (X,d).
4. Let us prove that if U; and U, are open, then U; N U, is open. By definition of open
set, U; N Uy is open iff Vx € U; N U 37 such that B(x,7) C U; N Up. By the left hypothesis
above, U; and U, are open, and by the definition of open sets, there exists r; and r; such that

6 See [50, 61].
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B(x,71) C Uj and B(x,72) C Up. Let7 := min {ry, 72 }. Then B(x,r) C Uy and B(x,r) C U,. By
definition of set intersection, B(x,r) C U; N U,. Hence, U; N U, is open.
Let us prove that (\\_; U, is open by induction. For N = 1 case: (\_; U, = N._; U, = U
is open by hypothesis. By property of intersection ﬂgill u, = (mﬁ’zl Lln> N Un+1, therefore
Z:jll U, is open via “N case” hypothesis and above proof for two sets. O
Corollary 1. Let (X, d) be a distance space. The set T := {U € 2% |U isopenin (X,d)} is a
topology on X, and (X, T) is a topological space.

Proof. This follows directly from the definition of an open set, Theorem 1, and the definition
of topology. O

Of course it is possible to define a very large number of topologies even on a finite set with
just a handful of elements;” and it is possible to define an infinite number of topologies even
on a linearly ordered infinite set like the real line (IR, <).® Be that as it may, Definition 16
defines a single but convenient topological space in terms of a distance space. Note that every
metric space conveniently and naturally induces a topological space because the open balls of
the metric space form a base for the topology. This is not the case for all distance spaces. But
if the open balls of a distance space are all open, then those open balls induce a topology (next
theorem).”

Definition 16. Let (X, d) be a distance space. The set T := {U € 2% |U is openin (X,d) } is
the topology induced by (X,d) on X. The pair (X, T) is called the topological space induced
by (X,d).

For any distance space (X, d), no matter how strange, there is guaranteed to be at least one
topological space induced by (X, d) — and that is the indiscrete topological space (Example 9)
because for any distance space (X, d), @ and X are open sets in (X, d) (Theorem 1).

Theorem 2. Let B be the set of all open balls in a distance space (X,d). Then every open ball
in B is open if and only if B is a base for a topology.

Proof. Let every open ball in B be open. Then for every x in B, € B there exists r € R™ such
that B(x,7) C By, by Definition 15. It implies for every x € X and for every B, € B containing
x, there exists By € B such that x € By C By, because V (x,7) € X X R*, B(x,7) C X. Hence, B
is a base for T by Theorem 11.

Vice versa. Let B is a base for a topology. Then for every x € X and for every U C T
containing x, there exists By € B such that x € By C U by Theorem 11. From Definition 26
it follows that for every x € X and for every B, € B C T containing x, there exists By € B
such that x € By C By. Therefore for every x € B, € B C T, there exists By € B such that
x € By C By. Hence, every open ball in B is open (see Definition 15). O

7 For a finite set X with 1 elements, there are 29 topologies on X if n = 3; 6942 topologies on X if n = 5; and
and 8.977.053.873.043 (almost 9 trillion) topologies on X if n = 10. See [15,24,28,29,45,71,104].

8 For examples of topologies on the real line see [27,66,90, 99].

9 Metric space: Definition 24; open ball: Definition 14; base: Definition 26; topology: Definition 25; not all open
balls are open in a distance space: Example 1 and Example 2.
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3.3 Sequences in distance spaces

3.3.1 Definitions

Definition 17. ' Let {x,},., C X be a sequence in a distance space (X,d). The sequence
{xn} converges to a limit x if for any ¢ € R", there exists N € Z such that d(x,, x) < ¢ for all
n > N. This condition can be expressed in any of the following forms:

1. the limit of the sequence {x,} is x; 3. 1Lm {xn} =x;
n—oo

2. the sequence {x,} is convergent with limitx; 4 {x,} — x.
A sequence that converges is convergent.

Definition 18. ! Let {x,}, ., C X be a sequence in a distance space (X, d). The sequence {x, }
is a Cauchy sequence in (X, d) if for every ¢ € R, there exists N € Z such that d(x,, xp) < €
foralln,m > N.

Definition 19. ' Let {x,}, ., C X be a sequence in a distance space (X, d). The sequence {x, }
is complete in (X, d) if the following implication holds: {x,} is Cauchy in (X,d) = {x,} is
convergent in (X, d).

3.3.2 Properties

Proposition 1. Let {x,},., C X be a sequence in a distance space (X,d). If {x, } is Cauchy in
(X,d), then it is bounded in (X, d).

Proof. Let {x,} be a Cauchy sequence. It means that for every ¢ € R there exists N € Z
such that Vn,m > N, d(x,, x,) < e. Lete = 1. Then AN € Z such that d(x,, x,,) < 1 for all
n,m > N. It implies d(x,, X;11) < max {{1} U {d(xp,x;) | p,q # N} }. Hence, the sequence
{xn} is bounded by Definition 13. O

Proposition 2. Let {x,},., C X be a sequence in a distance space (X,d). Letf € ZZ be a
strictly monotone function such that f(n) < f(n +1). Then if {x,},., is a Cauchy sequence,

then subsequence {xf(n) }nez is also Cauchy.

Proof. Let {x,}, ., be a Cauchy sequence. It means that for any given ¢ > 0, IN such that
Vn,m > N, d(xn, x) < e Therefore there exists N’ such that d<xf(n),xf(m)) < ¢ for all

f(n),f(m) > N'. So, {xf(n)}nez is Cauchy sequence. O

Theorem 3. 3 Let (X, d) be a distance space. Let A~ be the closure of a A in a topological
space induced by (X, d). If limits are unique in (X, d) and (A, d) is complete in (X, d), then A
isclosed in (X,d),ie. A= A".
Proof. By Lemma 3 we have A C A™. Let us prove that A~ C A.

Let x be a point in A™. Define a sequence of open balls {B (x, %) , B (x, %) , B <x, %) , .. }

Define a sequence of points {x1, X2, x3, ...} such that x, € B <xn, %) N A. Then {x,} is conver-
gent in X with limit x by Definition 17 and {x, } is Cauchy in A by Definition 18. Since (A, d) is

10 For definition in metric space see [53,68,75,97].
11 For definition in metric space see [2,97].

12 For definition in metric space see [97].

13 For theorem in metric space see [18,54,72,107].
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complete in (X, d), {x,} is therefore also convergent in A. Let this limit be y. Note that y € A.
From uniqueness of limits it follows y = x, and therefore x € A. Hence A~ C A. O

Proposition 3. Let {x,},., be a sequence in a distance space (X, d). Letf : Z — Z be a strictly
increasing function such that f(n) < f(n +1). If the sequence {x,}, ., converges to limit x,

then a subsequence {xf(n)} , converges to the same limit x.
ne

Proof. By Theorem 6 we have Ve > 0, IN such that Vn > N, d(x,,x) < e. Therefore Ve > 0,
3f(N) such that Vf(n) > f(N), d (xf(n),x) < & So, {xf(n)} — x via Theorem 6. O

nez

Theorem 4 (Cantor intersection theorem). Let (X, d) be a distance space, { Ay}, a sequence
with each A, € 2%, and | A | the number of elements in A. If (X, d) is complete, A, is closed for

alln € N,diam A, > diam A,y foralln € N, and diam {A, },., — 0, then ﬂ Ay
nelN

=1

Proof. Let us prove that | A,| < 2. Let A := NA,. Forany x # y and {x,y} € A we
have d(x,y) > 0 and {x,y} C A, for all n. Since diam {A,},., — 0, there exists n such
that diam A, < d(x,y). It implies 3n such that sup {d(x,y) |x,y € Ay} < d(x,y). This is a
contradiction, so {x,y} ¢ Aand |NA,| < 2.

Let us prove that | A, | > 1. Letx, € A, and x;, € Ay,. Since diam {A;}, ., — 0, for
all € there exists N € IN such that diam Ay < ¢e. Therefore Vim,n > N, x, € A, C Ay and
Xm € Am C An. But d(x,, xy) < diam Ay < g, it means that {x,} is a Cauchy sequence.
Because {x, } is complete, x, — x. It implies x € (A,)” = Ay, and, hence, | A, | > 1. a

Definition 20 ([10]). Let (X, d) be a distance space. Let C be the set of all convergent sequences
in (X,d). The distance functiond is continuous in (X, d) if

o} Am} €C = lim {d(xnya)} = d(lim {2}, lim {y}).
A distance function is discontinuous if it is not continuous.

Remark 2. Rather than defining continuity of a distance function in terms of the sequential
characterization of continuity as in Definition 20, we could define continuity using an inverse
image characterization of continuity (see Definition 16). Assuming an equivalent topological
space is used for both characterizations, the two characterizations are equivalent (Theorem 15).
In fact, one could construct an equivalence such as the following:

d is continuous in RX* {x”} Ayn} eC :>' '
(Definition 28) nlglo\o {d(xn,yn)} = d(;}g}o {x"}'nl%}o {%})
(inverse image characterization (De finition 29 )

of continuity) (sequential characterization of continuity)

Note that just as {x,} is a sequence in X, so the ordered pair ({x,},{ys}) is a sequence in X.
The remainder follows from Theorem 15. However, use of the inverse image characterization
is somewhat troublesome because we would need a topology on X?, and we don’t immediately
have one defined and ready to use. In fact, we don’t even immediately have a distance space
on X? defined or even open balls in such a distance space. The result is, for the scope of this
paper, it is arguably not worthwhile constructing the extra structure, but rather instead this
paper uses the sequential characterization as a definition (as in Definition 20).
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3.4 Examples

Similar distance functions and several of the observations for the examples in this section
can be found in [10].

In a metric space, all open balls are open, the open balls form a base for a topology, the lim-
its of convergent sequences are unique, and the metric function is continuous. In the distance
space of the next example, none of these properties hold.

Example 1. ' Let (x,y) be an ordered pair in R?. Let (a : b) be an open interval and (a : b] a
half-open interval in R. Let |x| be the absolute value of x € R. The function d(x,y) € RR*R

such that
Y, V(x,y) € {4} x (0:2],
d(x,y) == ¢ x, V(x,y) € (0:2] x {4},
|x —y|, otherwise,
is a distance on R.
Note some characteristics of the distance space (R, d).

1. (R, d) is not a metric space because d does not satisfy the triangle inequality:
d(0,4):=10—4|=4%2=|0—-1]+1:=4d(0,1) +d(1,4).

2. Not every open ball in (R,d) is open. For example, the open ball B(3,2) is not open
because 4 € B(3,2) but forall0 < e < 1
B(4,¢e) =(4—e:44+¢e)U(0:¢) € (1:5) =B(3,2).

3. The open balls of (R,d) do not form a base for a topology on R. This follows directly
from previous item and Theorem 2.

4. In the distance space (R,d), limits are not unique. For example, the sequence {1/n}{
converges both to the limit 0 and the limit4 in (R, d):

lim d(x,,0) := lim d(1/4,0) := lim [1/n—0] =0 =  {l/n} =0,
n—o0 n—oo n—oo
lim d(x,,4) := lim d(1/s,4) := lim {1/u} =0 = {1/n} >4
n—00 n—oo n—00

5. The topological space (X, T) induced by (RR,d) also yields limits of 0 and 4 for the se-
quence {1/n}7’, just as it does in previous item. This is largely due to the fact that, for
small ¢, the open balls B(0, ¢) and B(4, ¢) are open.

B(0,¢) isopen = foreach U € T that contains 0, 3N € N such that 1/n € U Vn > N
<~ {1/n} =0 by definition of convergence.

B(4,¢) isopen = foreach U € T that contains 4, AN € N such that 1/n € U VYn > N
— {l/n} — 4 by definition of convergence.

6. The distance function d is discontinuous:
lim {d(1—1/n,4—1/n)} = nlgn {|{1=1/n) = (4=1/n)|} =|1—4| =3#4=4d(0,4)

N = d(fim {11/, Jim, {4 1/n})

14 A similar distance function d and item 4 can in essence be found in [10].
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In a metric space, all convergent sequences are also Cauchy. However, this is not the case
for all distance spaces, as demonstrated next.

Example 2. ° The function d(x,y) € RR*R such that
|x—y|, forx=0o0ry=0o0rx=y,
d =
(xy) { 1, otherwise,
is a distance on R
Note some characteristics of the distance space (R, d).

1. (R, d) is not a metric space because the triangle inequality does not hold:
o) “T 37 i +Jo- 1|~ o) o)

2. The open ball B (%, %) is not open because for any ¢ € R", no matter how small,
B(0,¢) = (—¢: +e) ¢ {o, 31} = {x € X‘d(%,x) < %} = B(}I,%) .

3. Even though not all the open balls are open, it is still possible to have an open set in
(R,d). For example, the set U := {1, 2} is open:
B(1,1) = {xeX|d(l,x)<1} = {1} C {1,2} = U,
B(2,1) = {xeX|d(2,x) <1} = {2} C {1,2} = U.

4. By item 2 and Theorem 2, the open balls of the distance space (R, d) do not form a base
for a topology on RR.

5. Even though the open balls in (R, d) do not induce a topology on R, it is still possible to
find a set of open sets in (IR, d) that is a topology. For example, the set {@, {1,2}, R} is
a topology on R.

6. In (R, d) limits of convergent sequences are unique. Namely, {x,} - x =
lim|x, —0] = 0, forx=0,
Jg%od(xn,x) = |x —x| = 0, forconstant{x,} forn > N,
1 # 0, otherwise,
which says that there are only two ways for a sequence to converge: either x = 0 or the
sequence eventually becomes constant (or both). Any other sequence will diverge.

7 In (R,d) a convergent sequence is not necessarily Cauchy. For example, the sequence
{1/n},cn is convergent with limit 0

lim d(l/n,0> = lim 1/n =0.
n—oo n—oo

However, even though {1/} is convergent, it is not Cauchy
n}%l’gloo d(l/n, 1/111) =1 75 0.
8. The distance function d is discontinuous in (X, d):

Tim {d(1/n,2=1/n)} =1 #2=d(0,2) =d( lim {1/u}, lim {2— 1/n}) .

15 The distance function d and item 7 can in essence be found in [10].
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Example 3. 1 The functiond(x,y) € R®*R such that
2lx —y|, V(x,y)€{(0,1),(1,0)},
)= { 28 Ve € 02, (0

|x —y|, otherwise,
is a distance on R.
Note some characteristics of the distance space (R, d).

1. (R, d) is not a metric space because d does not satisty the triangle inequality:
d(0,1):=2/0—-1]=2%1=|0—1/2|+|1/2— 1] :=d(0,1/2) +d(1/2,1).

2. The function d is discontinuous:
1 1 1 — i —1/p—1 =
nll_I)Ic}o{d(]. /n, /n)} nlgl;loﬂl /n /n|} 1752

=20 —1| :=d(0,1) = d(}}g%o{1 - 1/n},}11§r<}0{1/n}) .

3. In (R, d) open balls are open:

(@) p(x,y) := |x —y| is a metric and thus all open balls in that do not contain both 0
and 1 are open;

(b) by Example 14, q (x,y) := 2|x — y| is also a metric and thus all open balls containing
0 and 1 only are open;

(c) the only question remaining is with regards to open balls that contain 0, 1 and some
other element(s) in R. But even in this case, open balls are still open. For example,
B(—1,2) = (-1:2) = (=1:1)U (1:2). Note that both (—1:1) and (1:2) are
open, and thus by Theorem 1, B(—1,2) is open as well.

4. By previous item and Theorem 2, the open balls of (R, d) do form a base for a topology
onR.

5. In (R, d) the limits of convergent sequences are unique. This is demonstrated in Example
7 using additional structure developed in Section 4.

6. In (R, d) convergent sequences are Cauchy. This is also demonstrated in Example 7.

The distance functions in Examples 1-3 were all discontinuous. In the absence of the trian-
gle inequality and in light of these examples, one might try replacing the triangle inequality
with the weaker requirement of continuity. However, as demonstrated by the next example,
this also leads to an arguably disastrous result.

Example 4 ([10,74]). The functiond € RR*R such that d(x,y) := (x — y)? is a distance on R.
Note some characteristics of the distance space (R, d).

1. (R, d) is not a metric space because the triangle inequality does not hold:
d(0,2):=(0-2)>=4£2=(0-1)"+ (1-2)*:=d(0,1) +d(1,2).

2. The distance function d is continuous in (X, d). This is demonstrated in the more general
setting of Section 4 in Example 8.

16 The distance function d and item 2 can in essence be found in [10].
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3. Calculating the length of curves in (RR,d) leads to a paradox.'” Partition [0 : 1] into 2N
consecutive line segments connected at the points {O, ZLN’ 2%,, 2%,, cer, 22;;1’ 1} . Then

the distance, as measured by d, between any two consecutive points is equal to

2
d(pn, Pus1) == (pn — pus1)? = (%N) = ZZLN But this leads to the paradox that the
total length of [0 : 1] is O:
2N—1 N
lim )’ e~ lim 2o = lim & =0

N—oo =0 22N N—oo 22N N—o0 2N

4 DISTANCE SPACES WITH POWER TRIANGLE INEQUALITIES

4.1 Definitions

This paper introduces a new relation called the power triangle inequality. It is a generaliza-
tion of other common relations, including the triangle inequality. The power triangle inequal-
ity is defined in terms of a function herein called the power triangle function (next definition).
This function is a special case of the power mean with N = 2 and A; = A, = 3. Power means
have the attractive properties of being continuous and strictly monotone with respect to a free
parameter p € IR*. This fact is inherited and exploited by the power triangle inequality.

Definition 21. Let (X, d) be a distance space. Let R™ be the set of all positive real numbers and
R* be the set of extended real numbers. The power triangle function T on (X, d) is defined as
1
T(p,o;x,y,2;,d) :=20 %d”(x,z) + %d”(z,y) p, V(p,o) e R* xR", xy,z¢€X.

Remark 3. In the field of probabilistic metric spaces, a function called the triangle function
was introduced by Sherstnev [102]. However, the power triangle function as defined in the
present paper is not a special case of (is not compatible with) the triangle function of Sherstnev.
Another definition of triangle function has been offered by Bessenyei [6] with special cases of
®(u,v) := c(u+0v) and ®(u,v) = (uf + vp)%, which are similar to the definition of power
triangle function offered in the present paper.

Definition 22. Let (X, d) be a distance space. Let 2XXX be the set of all trinomial relations on
X (see Definition 3). A relation @ (p,o;d) in 2XXX is a power triangle inequality on (X, d) if

A(p,0;d) := {(x,y,z) e X®|d(x,y) < t(p,0; x,y,z;d)} for some (p,c) € R* x RT.

The tuple (X, d, p, o) is a power distance space and d a power distance or power distance func-
tion if (X, d) is a distance space in which the triangle relation ®(p, c;d) holds.

The power triangle function can be used to define some standard inequalities (next defini-
tion). See Corollary 3 for some justification of the definitions.

17 This is the method of “inscribed polygons” for calculating the length of a curve and goes back to Archimedes
[17,117].
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Definition 23 ([6,36,41,44,46,47,52,62,63,69,119]). Let ®(p, o; d) be a power triangle inequality
on a distance space (X, d).
1. @(00,9/2;d) is the o-inframetric inequality.

2. D)oo, % ;d)  is the inframetric inequality:.

3. @®(2,v2/2;d) is the quadratic inequality.

4+ @®(,0;d) is the relaxed triangle inequality.
5. ®(1,1;d) is the triangle inequality.

6. @®(1/2,2;d) is the square mean root inequality.
7 @®(0,3;d) is the geometric inequality.

s. ®(—1,1;d) is the harmonic inequality.

9. @®(—o0, 3;d) is the minimal inequality.

Definition 24. ¥ Let (X, d) be a distance space.
1. (X,d) is a metric space if the triangle inequality holds in X.
2. (X, d) is a near metric space if the relaxed triangle inequality holds in X.
3. (X, d) is an inframetric space if the inframetric inequality holds in X.
4 (X, d) is a o-inframetric space if the o-inframetric inequality holds in X.

4.2 Properties
4.2.1 Relationships of the power triangle function

Corollary 2. Let T(p,0;x,Yy,z;d) be the power triangle function in the distance space (X, d).
Let (R, |-|, <) be the ordered metric space with the usual ordering relation < and usual metric
|| onR. The function t(p,0; x,V,z;d) is continuous and strictly monotone in (R, ||, <) with
respect to both the variables p and o

Proof. The function 7(p, c; x,y,z;d) is continuous and strictly monotone with respect to p via
Theorem 18. By definition 21 of T we have

1
T(p,0;x,y,2;d) := 20 %dp(x,z) + %dp(z,y) h = 20f(p, x,y,2),

f(p.x,,2)
where f is defined as above. Therefore 7 is affine with respect to ¢, and, hence, T(p, 7; x,y,z;d)
is continuous and strictly monotone with respect to o. O

Corollary 3. Let 7( PO Y, Z; d) be the power triangle function in the distance space (X, d).

2cmax{d(x,z), d(z,y)} for p=oco, (maximum),®
1
20(1/2d*(x,z) + 1/2d*(z,y)]* for p=2,  (quadratic mean),
. . old(x,z) +d(z, )] for p=1, (arithmetic mean),*

t(p.o;x,y,2;d) = 20+/d(x, z) \/ (z,y for p=0, (geometric mean),

4(7[ ] for p=—1, (harmonic mean),

\ 2(7m1n{d(x z) d(z,y)} for —oo, (minimum).

Proof. These follow directly from Theorem 18. O

18 For definitions in metric space see [30,43,48,49,60]; in near metric space see [36,41,46,47,62,69,119].
19 The maximum T(00,0;x,Y,2;d) corresponds to the inframetric space.
20 The arithmetic mean 7(1,0;x,y,2z;d) corresponds to the near metric space.
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square mean root (SMR) inequality at (%,2)

27 order inflection point at (—% In2, %e‘z) triangle inequality at (p,o) = (1,1)

harmonic inequality at (p, o) = (—1, quadratic mean inequality at (2, @)

to minimal inequality at<zzeeee e\ PRI R to inframetric inequality at

(p,o)z(oo,%) == o ! p (P,0)=(°°,%)

1 1
Figure 1: 0 = %(2?) —2r lor p= lr}’(“zi) (see Lemma 1, Lemma 2, Corollary 6, Corollary 7,

and Theorem 9).

Corollary 4. Let (X, d) be a distance space. Then

-1
2cmin{d(x,z), d(z,y)} < 40{@ + d(%y)} < 20+/d(x,z) \/d(z,y)
< old(x,z) +d(z,y)] < 2omax{d(x,z), d(z,y)}.
Proof. These follow directly from Corollary 8. O

4.2.2 Properties of power distance spaces

The power triangle inequality property of a power distance space axiomatically endows a met-
ric with an upper bound. Lemma 1 demonstrates that there is a complementary lower bound
somewhat similar in form to the power triangle inequality upper bound. In the special case

1
where 20 = 27, the lower bound helps provide a simple proof of the continuity of a large class
of power distance functions (Theorem 9). The inequality 20 < 27 is a special relation in this

paper and appears repeatedly in this paper; it appears as an inequality in Lemma 2, Corollaries
6 and 7, and as an equality in Lemma 1 and Theorem 9. It is plotted in Figure 1.

Lemma 1. 2 Let (X,d, p, o) be a power triangle triangle space. Let |-| be the absolute value
function. Let max{x,y} be the maximum and min {x,y} the minimum of any x,y € R*.
Then, for all (p,0) € R* x RT,

1 dP(x,y) > max {0, —(Zg)pdp(x,z) —d?(z,y), Zz)pdﬁ(y,z) — dp(z,x)} Vx,y,z € X,
1
p

(20

2 d(x,y) >|d(x,z) —d(z,y)| if p#0 and 20 =2 Vx,y,z € X.

Proof. From power triangle inequality and symmetric property of d we obtain

(2¢27)Pdp(xrz) —dP(z,y) < (237)17 {20[1/2d?7(x,y) + 1/zdp(y,z)]ﬂ @ (zy)
— 2((22;7));7 [1/2dP (x, ) + 1/2d7 (y,2)] — dP(z,y)

= [dP(x,y) +d"(y,2)] = d¥(y, 2) = d(x,y).

21 For assertion in metric space, ie. (p,0) = (1,1) see [5,43,83].
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Using commutative and non-negative properties of d, for (p,c) € R* x R one can derive

2

d?(x,y) > o)

d?(x,z) —dP(z,y), dP(y,x) > d?(y,z) —df(z,x), d?(x,y) > 0.

20

1
The rest follows because g(x) := x7 is strictly monotone in RR.

1
In case 20 = 27 we have

d(x,y) > max {O, (%%dp(x,z) —dP(z,y), ﬁdp(y,z) — dp(z,x)}F
=max {0, d(x,z) —d(z,y), d(y,z) —d(z,x)}
= max {0, (d(x,z) —d(z,y)), —(d(x,z) —d(z,¥))} = [(d(x,2) —d(z,y))|.
O

Theorem 5. Let (X,d, p,0) be a power distance space. Let B be an open ball on (X,d). Then
forall (p,o) € (R*\{0}) x R™ the following implications hold:

1 if20 <27 and q € B(6,r) then there exists r; € R such that B(q,r;) C B(6,7);
2. if there existsr; € R™ such that B(q,r;) C B(6,7) thenq € B(6,r).
Proof. Using the Archimedean Property?? we obviously obtain
geB(O,r) < d(6,q) <r < 0<r—d(0,q) < Iy e R, 0<r;<r—d(6,q).
Therefore
B(q,7q) :={x € X|d(g,x) <r,} ={xeX|d’(q,x) <rf e RT}
C{xeX|df(q,x) <rP—dP(0,q9)} = {x € X|dP(0,q9) +dP(q,x) <rP}
= {x € X‘ [dP(6,q) +dp(q,x)]% < r} C {x €X ) 21=rg[dP (6, q) +dp(q,x)]% < r}
= {x €eX ‘ 20[1/2d(6,q)x~|—1/2dp(q,x)]% < r} ={xeX|t(p,o,0,x,q) <r}
C{xeX|d(0,x)<r}:=B(b,1).

1
Here we used the fact that the functions f(x) := x? and f(x) := x# are monotone. So, the first
implication is proved.

The second implication follows from

ge{xeX|d(gx)=0}C{xeX|d(gx) <ry}:=B(q7r,) CBO,7).

The next assertion follows from Theorem 2 and Theorem 5.

Corollary 5. Let (X, d, p, o) be a power distance space. If the inequality 20 < 27 holds for all
(p,0) € (R*\{0}) x R™ then every open ball in (X, d) is open.

Corollary 6. Let (X,d, p,0) be a power distance space. Let B be the set of all open balls in

(X,d). If the inequality 20 < 27 holds for all (p,0) € (R*\{0}) x R* then B is a base for
(X, T).
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Figure 2: open set (see Lemma 2) .

Proof. The set of all open balls in (X, d) is a base for (X, T) by Corollary 5 and Theorem 11. T
is a topology on X by Definition 26. O

The next assertion demonstrates that every point in an open set is contained in an open ball
that is contained in the original open set (see also Figure 2).

Lemma 2. Let (X,d, p, o) be a power distance space. Let B be an open ball on (X, d). Then for
all (p,0) € (R*\{0}) x R™ the following implications hold:

1
1. if20 < 27 and U is open in (X,d) then for all x € U there exists r € R such that
B(x,r) CU;
2. iffor all x € U there existsr € R™ such that B(x,r) C U then U is open in (X, d).

Proof. From Corollary 6 we have

U= J{B(xy,1y)|B(xy,79) CU} 2 B(x,7),

because x must be in one of those balls in U. So, the first implication is proved.
The second implication follows from

U=J{reX|xeU}=J{B(x,r)|x € Uand B(x,r) CU} = U isopen
by Corollary 6 and Corollary 1. O

Corollary 7. 2 Let (X,d, p,0) be a power distance space. Let B be an open ball on (X,d). If
1
20 <27 forall (p,o) € (R*\{0}) x R* then every open ball B(x,r) in (X, d) is open.

Proof. The union of any set of open balls is open by Corollary 6, therefore the union of a set of
just one open ball is open. Hence, every open ball is open. O

Theorem 6. * Let (X,d,p,0) be a power distance space. Let (X,T) be a topological space
induced by (X,d). Let {x,},., C X be a sequence in (X,d). The sequence {x,} converges to
a limit x iff for any ¢ € R™ there exists N € Z such that for alln > N, d(x,, x) < e.

22 Gee [1,121].
23 For assertion in metric space see [1,97].
2 For theorem in metric space see [53,97].
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Proof. The sequence {x,} converges to x if and only if x, € U VU € Ny, n > N. By Lemma 2
JB(x, €) such that x, € B(x,&) Vi > N. So, d(x,, x) < €. O

In distance spaces not all convergent sequences are Cauchy (see Example 2). However in a
distance space with any power triangle inequality all convergent sequences are Cauchy.

Theorem 7. 2 Let (X,d, p, o) be a power distance space with any (p,0) € R* x RT. Let
{xn},ez C X be a sequence in (X, d). Every convergent sequence {x,} is a Cauchy sequence
and therefore it is bounded in (X, d).

Proof. Let {x,},., be a convergent sequence in (X, d). Then we have

1
1 1 1 1 17
d(xi’l/ xi’l’l) S T(p/ 07 Xn, Xm, x) = 20' |:§dp(xi’l/ X) + Edp(xl’lfn x):| ' < 20.|:§8p + Eep:| ’ - 20—8-

By Corollary 3 and definitions of power triangle inequality at p = co, p = —coand p = 0 we
have

d(xp, xm) < T(00,0; Xp, Xy, x) = 20 max {d(xy, x), d(xmm, x)} = 20 max{e, ¢} = 20%¢;

d(xp, xm) < T(—00,0; Xy, Xy, x) = 20 min{d(x,, x), d(xy, x)} = 20min {e, e} = 20%¢;

d(xn, xm) < T(0,0; X, X, X) = 2(7\/d(xn,x) \/d(xm,x) = 20/e+\/e = 20%¢.

Therefore the sequence {x,} is Cauchy. By Proposition 1 every Cauchy sequence is bound-
ed. O

Theorem 8. %° Let (X, d, p, o) be a power distance space with any (p,o) € R* x RT. Letf € Z%
be a strictly monotone function such that f(n) < f(n +1). If {x,},., is a Cauchy sequence

and {xf(n) }nGZ is convergent then {x, }, ., is convergent.

Proof. 1t is easy to see that

1
[z

1 1
d(xp, x) =d(x,x,) < 7(p, 0%, xn,xf(n)) = Za{id” (x, xf(n)> + Edp <xf(n),xn)}

1 1
1 1 [ 1 1 [z
=20 [Ee + Edp <xf(n), xn>] =20 [Eep + ESP} = 20%¢,

so, the sequence {x,}, . is convergent. O

Theorem 9. % Let (X, d, p,c) be a power distance space. Let (R,q) be a metric space of real

numbers with the usual metric q(x,y) := |x — y|. If 20 = 27 then d is continuous in (R, q).
Proof. Using triangle inequality of (R, |x — y|) and Lemma 1 we obtain

|d(x,y) = d(xn,yn)| < [d(x,y) — d(xn,y)| + |d(xn,y) — d(xn, yn)|
= |d(x,y) — d(y, xn)| + |d(y, xn) — d(xn, yu)]
<d(x,x,) +d(y,yn) =0  asn — oco.

25 For theorem in metric space see [2,53,97].
26 For theorem in metric space see [97].
27 For theorem in metric space see [5].
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In distance spaces and topological spaces, limits of convergent sequences are in general not
unique (see Example 1, Example 12). However the next theorem demonstrates that in a power
distance space limits are unique.

Theorem 10 (Uniqueness of limit). ?® Let (X,d,p,0) be a power distance space with any
(p,0) € R* x RT. Letx,y € X and let {x,} C X be an X-valued sequence.

If ({xn},{yn}) = (x,y) then x = y.
Proof. Let us prove that for all (p,c) € R* x RT and for any ¢ € R, there exists N such that
d(x,y) < 20e. For p € R*\{—00,0, 0} we have
1 1 [ 1 I
d(x,v) < t(p,0;x,y,x,) :=20 Ed”(x, Xn) + Edp(xn,y) <20 Ee” + Ee” = 20%.

By Corollary 3 and definition of power triangle inequality at p = oo, p = —o0, p = 0 we have
d(x,y) < t(00,0;x,y, x,) = 20 max {d(x, x,), d(xn,y)} < 20¢,
d(x,y) < 1(—00,0;x,y,x,) = 20 min {d(x, x,), d(x,,y)} < 20¢,

d(x,y) < 7(0,0;x,y,x,) = 2(7\/d(x, Xn) \/d(xn,y) = 20/e\/e < 20¢

respectively.
Suppose that x # y. Then d(x,y) # 0, and therefore d(x,y) > 0. It implies that there exists
e such that d(x, y) > 20¢, which contradicts the proved above inequality d(x,y) < 2ce. O

4.3 Examples

It is not always possible to find a triangle relation @®(p, 0;d) that holds in every distance
space, as demonstrated by Example 5 and Example 6 (next two examples).

Example 5. Letd(x,y) € RR*R pe defined as follows

Y, V(x,y) € {4} x (0:2],
d(x,y) =1 x, V(x,y) € (0:2] x {4},
|x —y|, otherwise.

Note the following about the pair (R, d).

1. By Example 1, (R,d) is a distance space, but not a metric space, that is, the triangle
relation @®(1,1;d) does not hold in (R, d).

2. Observe further that (R, d) is not a power distance space. In particular, the triangle re-
lation @®(p, o;d) does not hold in (IR, d) for any finite value of ¢ (does not hold for any
c€R")

1
d(0,4) =4 £ 0 = lim20e = lim 20 [1/2|0 — ¢|" + 1/2¢"] ¥
e—0 e—0

==

= lim20[1/2d”(0,¢) 4+ 1/2d¥(¢,4)]7 := lim @ (p, 0;0,4,¢;d).
e—0 e—0

28 For theorem in metric space see [97,109].
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Example 6. Letd(x,y) € RR*R pe defined as follows

[ |x—y|, forx=00ry=00rx=y,
d(xy) = { 1, otherwise.

Note the following about the pair (R, d).

1. By Example 2, (R,d) is a distance space, but not a metric space, that is, the triangle
relation ®(1,1;d) does not hold in (R, d).

2. Observe further that (R, d) is not a power distance space, that is, the triangle relation
@ (p,0;d) does not hold in (R, d) for any value of (p,o) € R* x R™.

Let us prove that ©(p, 0;d) does not hold for any (p,0) € {0} x R". Indeed, Corollary 3

and Corollary 2 imply
n%g}ood(l/n,l/m) =1+ 0=20max{0,0} = ZUn,%r_r}oomax {d(1/x,0), d(0,1/m)}

> lim 20(1/2d?(1/n,0) +1/20(0,1/m)]? = Tim_7(p,,1/n,1/m,0).

n,m—o0

The triangle relation ®(p, o; d) does not hold for any (p,o) € R* x R also. The triangle
function ©(p,0; x,y,z;d) is continuous and strictly monotone in (R, |-|, <) with respect
to the variable p via Corollary 2. From proved above it follows that ®(p,c;d) fails to
hold at the best case of p = oo, and so by Corollary 2, it doesn’t hold for any other value
of p € R* either.

Example 7. Letd be a function in RR*R such that

_ 2=yl V(xy) €{(01),(10)},
d(xy) = { |x —y|, otherwise.

Note the following about the pair (R, d).

1. By Example 3, (R,d) is a distance space, but not a metric space, that is, the triangle
relation @®(1,1;d) does not hold in (R, d).

2. But observe further that (R, d, 1,2) is a power distance space. Let us prove that ®(1,2;d)
holds for all (x,y) € {(0,1), (1,0)}. Indeed, for any z € R we have
d(1,0) =d(0,1):=2/0-1|=2<2<2(|0—z|+ |z —1])
1
=20(1/210 — z|P +1/2]z = 1|F) ? := 20(1/2d? (0, z) + d(z, 1))% :=1(1,2;0,1,2).

Let us show that ®(1,2;d) holds for all other (x,y) € R* x R*. Using Corollary 2 we
obtain

1
d(x,y) == 2[x —y| < (|x —z| + [z —y]) = 20(1/2|0 — z|" + 1/2]z = 1|F) »
=11, Lxyz2) <t(1,2xy,z2).

3. In (X, d), the limits of convergent sequences are unique. This follows directly from the
fact that (R, d, 1,2) is a power distance space and by Theorem 10.

4. In (X,d), convergent sequences are Cauchy. This follows directly from the fact that
(R,d,1,2) is a power distance space and by Theorem 7.
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Example 8. Letd be a function in RR*R such thatd(x,y) := (x —y)2. Note the following about
the pair (R, d).

1. It was demonstrated in Example 4 that (IR, d) is a distance space, but that it is not a metric
space because the triangle inequality does not hold.

2. However, the tuple (R, d, p, o) is a power distance space for any (p,c) € R* x [2: ). In
particular, for all x,y,z € R, the power triangle inequality must hold. The “worst case”
for this is when a third point z is exactly “halfway between” x and y in d(x,y); that is,

when z = ﬂ.

==

(x — y)2 =d(x,y) < 1(p,0;x,y,2d) :=20[1/2dP(x,2) + 1/2dP(z, y)]

1 1
_za[l/z<x_z>”+1/zz— #|" =20 [1/2]x =2 4172z — y)’
1
2plr
— 20|12 ery +1/2|% y —y ]
1
o 12p _ 2P F 2P|
=20 1/2y +1/2x2y ] :2(7[x2y ] :%{’x_y‘z-

It follows (p,0) € R* x [2: c0).
3. The power distance function d is continuous in (IR, d, p, 0) for any (p, o) such thatoc > 2

and 20 = p%. This follows directly from Theorem 9.

APPENDIX A TOPOLOGICAL SPACES

Definition 25 ([59, 60, 89,96, 111]). Let I be a set with an arbitrary (possibly uncountable)
number of elements. Let 2% be the power set of a set X. A family of sets T C 2% is a topology
on X if

1. €T and
2 XeT and
. U VeT — UNVeT and
o {Uy|yel}CT = (JU,€eT.

yerl

The ordered pair (X, T') is a topological space if T is a topology on X. A set U is openin (X, T)
if U is any element of T. A set D is closed in (X, T) if D isopenin (X, T).

Just as the power set 2% and the set { &, X} are algebras of sets on a set X, so also are these
sets topologies on X.

Example 9 ([42,73,89,105]). Let T (X) be the set of topologies on a set X and 2% the power
set on X. Then {&, X} is a topology in T (X), which is called indiscrete topology or trivial
topology; 2% is a topology in T (X), which is called discrete topology.

Definition 26 ([37,66]). Let (X, T) be a topological space. A set B C 2% is a base for Tif B C T
and for all U € T there exist {B, € B} such that U = | J B,.
7
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Theorem 11 ([37,66]). Let (X, T) be a topological space. Let B be a subset of 2X. If B is a base
for (X, T) then for every x € X and for every open set U containing x, there exists By € B such
that x € B, C U.

Theorem 12 ([11]). Let (X, T) be a topological space and B C 2X. If B is a base for (X, T) then
1. xeX —> dB, € Bsuch thatx € B, and
> B;,B,cB =—> ByNB,cB.

Example 10 ([37]). Let (X, d) be a metric space. The set B := {B(x,r) |x € X, r € N} (the set
of all open balls in (X, d)) is a base for a topology on (X, d).

Example 11 (the standard topology on the real line). ?° The set B := {(a : b) |a,b € R, a < b}
is a base for the metric space (R, |b — a|) (the usual metric space on R).

Definition 27 ([51,67,72,81,89,110]). Let (X, T) be a topological space. Let 2X be the power
set of X. The set A~ is the closure of A € 2X if A~ := ﬂ {D c 2% | A C DandD is Closed}.

The set A° is the interior of A € 2% if A° := | | {LI c2X|UC Aand U is open}. A point x

is a closure point of A if x € A~. A point x is an interior point of A if x € A°. A point x is an
accumulation point of A if x € (A\{x}) . A point x in A~ is a point of adherence in A or is
adherentto Aifx € A™.

Lemma 3 ([1,81]). Let A~ be the closure, and A° the interior of a set A € 2% in a topological
space (X, T). Then A° C AC A~; A= A°iff Aisopen; A = A~ iff A is closed.

Definition 28 ([37]). Let (X, T) and (Y, T,) be topological spaces. Let f be a function in YX. A

function f € YX is continuous if for any open set U € T, in (Y, T,) the setf~1(U) € Ty is open
X,Ty)

in (X, Ty). A function is discontinuous in (X, Ty) (XTx) if it is not continuous in (X, Ty) ( .
Definition 28 defines continuity using open sets. Continuity can alternatively be defined
using closed sets or closure.

Theorem 13 ([81,101]). Let (X, T) and (Y, S) be topological spaces. Let f be a function in YX.
The following are equivalent:
1. f is continuous;
if B is closed in (Y, S) then f~1(B) is closed in (X, T);
f(A7) Cf(A)~;
f~1(B) C f~1(B7).

W

Remark 4. A word of warning about defining continuity in terms of topological spaces —
continuity is defined in terms of a pair of topological spaces, and whether function is contin-
uous or discontinuous in general depends very heavily on the selection of these spaces. This
is illustrated in Proposition 4. The ramification of this is that when declaring a function to be
continuous or discontinuous, one must make clear the assumed topological spaces.

Proposition 4 ([35,94]). Let (X, T) and (Y,S) be topological spaces. Let f be a function in
(Y,S )(X’T). If T is the discrete topology then f is continuous. If S is the indiscrete topology
then f is continuous.

29 Gee [37,89].
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Definition 29 ([66,75]). Let (X, T) be a topological space. A sequence {x,},., converges in
(X, T) to a point x if for each open set U € T that contains x there exists N € IN such that
xn € U for alln > N. This condition can be expressed in any of the following forms:

1. The limit of the sequence {x, } is x. 3. lgn {xn} = x.
n—oo
2. The sequence {x,} is convergent with limitx. 4. {x,} — x.

A sequence that converges is convergent. A sequence that does not converge is said to
diverge, or is divergent. An element x € A is a limit point of A if it is the limit of some
A-valued sequence {x,} C A.

Example 12 ([89]). Let X := {x,y,z} and T3 := {9, {x}, {x,y}, {x,z}, {x,y,z}}. Then
(X, T31) is a topological space. In this space, the sequence {x,x,x,...} converges to x. But
this sequence also converges to both y and z because x is in every open set that contains y and
x is in every open set that contains z. So, the limit of the sequence is not unique.

Example 13. In contrast to the low resolution topological space of Example 12, the limit of the
sequence {x, x, x, ...} is unique in a topological space with sufficiently high resolution with re-
spect to y and z such as the following. Define a topological space (X, Ts¢) where X := {x,y,z}
and Tse := {9, {y}, {z}, {x, v}, {v,z}, {x,y,z}}. In this space, the sequence {x, x, x, ...} con-
verges to x only. The sequence does not converge to y or z because there are open sets contain-
ing y or z that do not contain x (the open sets {y}, {z}, and {y, z}).

Theorem 14 (The Closed Set Theorem). 3° Let (X, T) be a topological space. Let A be a subset
of X. Then A is closed in (X, T) if and only if every A-valued sequence {x,},., C A that
converges in (X, T) has its limit in A.

Theorem 15 ([94]). Let (X, T) and (Y, S) be topological spaces. Letf be a functionin (Y, S) XD,
Then inverse image characterization of continuity (see Definition 28) is equivalent to sequential
characterization of continuity (see Definition 29).

APPENDIX B FINITE SUMS

B.1 Convexity

Definition 30 ([3,11,64,103]). A functionf € RR is said to be
convex if f(Ax +[1 — Aly) < Af(x) +(1—A)f(y), Vx,y e R,VA € (0:1);
strictly convex if f(Ax 4+ [1 — Aly) = Af(x) + (1= A)f(y), Vx,y e R, x #y,VA € (0:1);
concave if —f is convex;
affine if f is convex and concave.

N
Theorem 16 (Jensen’s Inequality). 3! Let f € RR be a function. If f is convex and Z A =1

n=1

N N
thenf(Z An xn> < Z Ay f(xy) forall x, € R and N € N.

n=1 n=1

30 See [54,72,97].
31 See [11, 64, 86].
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B.2 Power means

Definition 31 ([11]). The (A,)Y weighted ¢-mean of a tuple (x,)Y is defined as

N
Mo ((xn)) := @~ (Zl?tnqv(xn)>

where ¢ is a continuous and strictly monotonic function in R® and (A,)I_, is a sequence of

N
weights for which ) " A, = 1.

n=1

Lemma 4 ([11,58,93]). Let My((x4))) be the (A4)Y weighted ¢-mean and My((x,))) the (A,)Y
weighted 1-mean of a tuple (x,)Y.
If pyp~! is convex and ¢ is increasing then My ((xn)) > My ((xn)).
If pyp~1 is convex and ¢ is decreasing then My ((x4)) < My((x4)).
If g~ is concave and ¢ is increasing then M ((xx)) < My((xn)).

If py~1 is concave and ¢ is decreasing then My ((x)) > My((xn)).

One of the most well known inequalities in mathematics is Minkowski’s Inequality. In
1946, H.P. Mulholland submitted a result that generalizes Minkowski’s Inequality to an equal
weighted @-mean. In 1979, G.V. Milovanovi¢ and I. Milovanovi¢ generalized this even further
to a weighted ¢-mean.?

Theorem 17 ([20,84]). Let ¢ be a convex strictly monotone function in RR, such that ¢(0) = 0
and log o o exp is convex. Then

N
(;Anq) (x4 + yn) > (Z A (xn) ) +(p1<;}\nq)(yn)>.

Definition 32 ([11,20]). Let My, ((xu)) be the (A4 )Y weighted ¢-mean of a non-negative
tuple (x,)Y. A mean Mg (x:p) ((x4)) is @ power mean with parameter p if ¢(x) := xP. That is,

1
r
Mgo(xp (Z)\ Xn > .

Theorem 18 ([7,8,11,14,19,20]). Let Mq,(x,.p) ((xn)) be the power mean with parameter p of an

1

N P
N-tuple (x,)Y in which the elements are not all equal. Then Mg (xp) ((xn)) = (Z )\n(xn)p>
is continuous and strictly monotone in R* and

max N(]xn[), for p = o0,

n=1,2
Myt () = A TT ke, forp=0,
nzrlr}zliN(]xn[), forp = —o0

32 See also [20,22,58,79,85,88,112].
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Proof. Let p and s be such that —00 < p <s <o Letgy:=xPand ¢s := x°. Then (pp(ps = Xs.
The composite function ¢, ¢, 1is convex or concave depending on the values of p and s:

H p <0 (¢, decreasing) ‘ p > 0 (¢p increasing)

s <0 convex (not possible)
s >0 convex concave

Therefore by Lemma 4, we obtain M,y ((xn)) < Mg(x6)((xn)). S0, My(x;p) is strictly mono-
tone in p.

The sum of continuous functions is continuous. Therefore, M
p € R\0. The cases of p € {—00, 0, oo} we consider below.

¢(x;p) 18 continuous in p for

Note that using the definition of My, we obtain

1y 1 L
()} =3 (En)) b = (St ™) i

Denote x,; := me%(]xnl) Note that lim M, < maZXan[) Indeed, using the definition of M,
ne p—0
we obtain

1
N
; p
i, Mo (b —,Jgrgo(anﬂ) <, (ﬂZ:anm>

==

==

N 1
= plgrolo anr; P plgrolo (xh - 1)P = xp = rnnEaZXQan).
1
But also note that lim M, > max(x,)) because
p—0 nez
1
: PNyt b
plgroloM ((xn)) = plgrolo (Z Anxn> > ;7151010 (wmxm)r’ — plgrolowmxm = Xp = %azx(]xnl).
Here we used the fact, that ¢(x) := x” and ¢! are both increasing or both decreasing. So,
lim M = .
Jim Mo ((xuh) = max(xa)
Let us prove that Lim Mo ((xn)) = mi£qan. From the equation (1) it follows
p——co ne
lim M ((xn)) = lim M ((xn)) = lim {M ((]xll))}1 = lim !
p=—co PP psoo PPN p—eo L 2Lip) (171 PN <(]x_1D>
p(xp) \ W
lim, ;001 1 1

= - — = — = — = znin(]xn[).
limp—co 'V'wxp)(d 1D) max(x ) (min(]xnl)> -
nez

It remains to prove that lim M, H X} U Using the definition of My, and I'Hopital’s
p—>
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rule® we obtain

.
iny M (1) = limexp (i {My((5)}} = lim exp {1{ (£ on) }}

n=1
2 (i An(x,*;)) 5 An (D)
= exp U= = exp { =L i
— = — N
ap" D An(x)
p -
p=0 n=1 p=0

N N
Z n=—exp (In (xZ)) Z Ap=—exp (rln (xy,))
— exp { = N — exp { = ]
>,
n=1 p=0 p=0
N N
= exp { ) )\na— exp (pIn (xn))} = exp { Y Anexp {pInx,}In (xn)}
n=1 p=0 n=1 p=0
N N N N
= exp { ) Anln(xn)} = exp { ) In <xﬁn)} = exp {lnnxﬁn} =[x
n=1 n=1 n=1 n=1

O

Corollary 8 ([11,20,23,63,64]). Let (x.)Y be a tuple. Let (A4)Y be a tuple of weighting values
N
such that Z An = 1. Then

n=1

N 1 -1 N N
min(x,) < Z Anx—n < H x," < Z AnXy < max(xy).
n=1 n=1 n=1
~- N

harmonic mean geometric mean arithmetic mean

Proof. These five means are all special cases of the power mean M,,..,,), namely

p = oo max (x,)),

p=1 arithmetic mean,

p =0: geometric mean, So, the inequalities follow directly from Theorem 18.
p = —1: harmonic mean,

p = —oo: min(xy).

If one is only concerned with the arithmetic mean and geometric mean, their relationship
can be established directly using Jensen’s Inequality (Theorem 16):

N N N N N N
Z Ay = blogb():nzl /\nxn) > b():n:1 Aulog, xn) _ H b()xn logy xn) — H b(logb Xn)An — H xﬁ”.
n=1

n=1 n=1 n=1

33 See [98].
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B.3 Inequalities

Lemma 5 (Young's Inequality). 3

p q
xy < %—l—% thh%—}—%:l Vi<p<oo, x,y >0, buty # xP~1,

p q
xy = x_+% wi

; th%—i—%:l Vi<p<oo, x,y>0, andy = xP~1.

Theorem 19 (Minkowski’s Inequality for sequences). * Let (x,)) C C and (yu)) C C be
complex N-tuples. Then

N y N 3 N 3
Xa+yal? | < Y 1ml? | + (X lval? V1<p<oo.
n=1 n=1

n=1

APPENDIX C METRIC PRESERVING FUNCTIONS

Definition 33 ([31,40,113]). Let M be the set of all metric spaces on a set X. A function

},
P € R is a metric preserving function if d(x,y) := ¢ op(x,y) is a metric on X for all
(X,p) € M.

Theorem 20 (necessary conditions). % Let R¢ be the range of a function ¢. If ¢ is a metric
preserving function then ¢~1(0) = {0}, R¢ C R", and the function ¢ is subadditive, i.e.

p(x+y) < o(x) + oy).

)_ 37

Theorem 21 (sufficient conditions Let ¢ be a function in RR. If the conditions

Lx>y = ¢(x) > ¢y), YxyeR,
2 ¢(0) =0,
sogx+y) <o) +oy), VxyeR,

hold, then ¢ is a metric preserving function.
The proofs for Example 14-Example 19 follow from Theorem 21.

Example 14 (ax-scaled metric/dilated metric). 3 Let (X,d) be a metric space. The function
@(x) := ax, « € R, is a metric preserving function (see Figure 3 (A)).

Example 15 (power transform metric/snowflake transform metric). > Let (X,d) be a metric
space. The function ¢(x) := x*, a € (0 : 1], is a metric preserving function (see Figure 3 (B)).

Example 16 (a-truncated metric/radar screen metric). *° Let (X,d) be a metric space. The
function ¢(x) := min{«, x}, « € RY, is a metric preserving function (see Figure 3 (C)).

34 See [22,58,79,112,120].
35 See [20,22,58,79,85,112].
36 See [31,40].

37 See [31,40, 67].

38 See [39].

3 See [39,40].

40 Gee [39, 53].
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0 ¥—F+—F+—F+—+x 0 +——F—F+—F—+x O.%lllx

0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
(A) a-scaled/dilated  (B) power transform/snowflake (C) a-truncated/radar screen
(Example 14) (Example 15) (Example 16)
2
1
x 0 o— 1 1 = x
0 1 2 3 4 0 1 2 3 4
(D) bounded (E) discrete (F)
(Example 17) (Example 18) (Example 19)

Figure 3: metric preserving functions.

isa

Example 17 (bounded metric). 4! Let (X,d) be a metric space. The function ¢(x) := 1 i .
metric preserving function (see Figure 3 (D)).

0, for x <0,
Example 18 (discrete metric preserving function). 4 The function ¢(x) := { -

1, otherwise,
from RR is a metric preserving function (see Figure 3 (E)).

Example 19. The function

X, for 0 <x <1,

1, for 1 <x<2,
p(x) ==

x—1, for2<x<3,

2, for x > 3,

from RR is a metric preserving function (see Figure 3 (F)).

REFERENCES

[1] Aliprantis C., Burkinshaw O. Principles of real analysis. Acedemic Press, London, 1998.
[2] Apostol T. Mathematical analysis. Addison-Wesley, Boston, 1975.
[3] Barvinok A. A Course in convexity. In: Graduate studies in mathematics, 54. AMS, 2002.

[4] Beran L. Orthomodular lattices: algebraic approach. In: Mathematics and Its Applications, 18. D. Reidel
Publishing Company, Dordrecht, 1985.

[5] Berberian S.K. Introduction to hilbert space. Oxford University Press, New York, 1961.
[6] Bessenyei M., Pales Z. A contraction principle in semimetric spaces. arXiv:1401.1709, 2014.

[7] Besso D. Teoremi elementari sui massimi i minimi. Annuari Ist. Tech. Roma 1897, 7-24.

4l Gee [1,113].
42 Gee [31].



78

[9]

[10]
[11]

(12]

[13]

(14]
[15]

(16]
(17]

(18]
[19]
(20]

[21]

(22]
(23]

[24]

(25]
[26]
(27]
(28]

[29]

(30]

(31]
(32]

(33]

GREENHOE D.].

Bienaymé M.]. Extraits des procés-verbaux. Bulletin Société philomatique de Paris 1840, 67-68.

Blumenthal L.M. Distance geometries: a study of the development of abstract metrics. The University of Missouri
studies 1938, 13 (2).

Blumenthal L.M. Theory and applications of distance geometry. At the Clarendon Press, Oxford, 1953.

Bollobds B. Linear analysis. An introductory course. Cambridge University Press, Cambridge, 1999.
doi:10.1017/CBO9781139168472

Bottazzini U. The Higher calculus: a history of real and complex analysis from Euler to Weierstrass.
Springer-Verlag, New York, 1986.

Bourbaki N. Les structures fondamentales de 1'analyse. In: Eléments de mathématique, 13. Hermann &
Cie, Paris, 1939.

Brenner J.L. Limits of means for large values of the variable. Pi Mu Epsilon J. 1985, 8 (3), 160-163.

Brown J.I., Watson S. The number of complements of a topology on n points is at least 2" (except for some special
cases). Discrete Math. 1996, 154 (1-3), 27-39. doi:10.1016 /0012-365X(95)00004-G

Bruckner A.M., Bruckner J.B., Thomson B.S. Real analysis. Prentice-Hall, Upper Saddle River, N.J., 1997.

Brunschwig J., Lloyd G.E.-R., Pellegrin P. A Guide to greek thought: major figures and trends. Harvard
Univ. Press, 2003.

Bryant V. Metric spaces: iteration and application. Cambridge Univ. Press, Cambridge, 1985.
Bullen P.S. Averages still on the move. Math. Mag. 1990, 63 (4), 250-255.

Bullen P.S. Handbook of means and their inequalities. In: Mathematics and Its Applications, 560. Springer
Netherlands, 2003. doi:10.1007 /978-94-017-0399-4

Burstein D., Ulitsky I., Tuller T., Chor B. Information theoretic approaches to whole genome phylogenies. In:
Miyano S., Mesirov J., Kasif S., Istrail S., Pevzner P.A., Waterman M. (Eds.) Proc. 9th Annual Intern. Conf.
“Research in Computational Molecular Biology”, May 14-18 2005, Lecture Notes in Computer Science 3500,
Springer, Heidelberg, 2005, 283-295.

Carothers N.L. Real analysis. Cambridge Univ. Press, Cambridge, 2000.

Cauchy A.-L. Analyse algebrique. In: Cours D’Analyse de L'école Royale Polytechnique, 1. Debure fréres,
Paris, 1821. (in French)

Chatterji S.D. The number of topologies on n points. Technical Report N67-31144, National Aeronautics and
Space Administration, 1967.

Choquet G. Theory of capacities. Annales de l'institut Fourier, 1954, 5, 131-295, 1954. d0i:10.5802/aif.53
Cohn P.M. Basic algebra. Groups, rings and fields. Springer, 2002.
Colin A., Franzosa R. Introduction to topology: pure and applied. Pearson Prentice Hall, New Dehli, 2008.

Comtet L. Recouvrements, bases de filtre et topologies d’un ensemble fini. Comptes rendus de ’Acade’mie des
sciences 1966, 262, A1091-A1094.

Comtet L. Advanced combinatorics: the art of finite and infinite. D. Reidel Publishing Company, Dordrecht,
1974.

Copson E.T. Metric spaces. In: Cambridge tracts in mathematics and mathematical physics, 57. Cambridge
Univ. Press, London, 1968.

Corazza P. Introduction to metric-preserving functions. Amer. Math. Monthly 1999, 104 (4), 309-323.

Costa M., Castro M., Rowstron A., Key P. Pic: Practical internet coordinates for distance estimation. In: Proc.
24th Intern. Conf. “Distributed Computing Systems”, 2004, 178-187. d0i:10.1109/1CDCS.2004.1281582

Crammer K., Kearns M., Wortman J. Learning from multiple sources. In: Scholkopf B., Platt J., Hofmann
T. (Eds.) In: Proc. Conf. “Advances in Neural Information Processing Systems”, 2006, Neural information
processing series 19, 2007, 321-328.



(34]
(35]

(36]
[37]
(38]

(39]
(40]

[41]

[42]

(43]
(44]
[45]

[46]

[47]

(48]

[49]

(50]

[51]
(52]

(53]
(54]
[55]
[56]
[57]
(58]
[59]
[60]
[61]

PROPERTIES OF DISTANCE SPACES WITH POWER TRIANGLE INEQUALITIES 79

Crammer K., Kearns M., Wortman J. Learning from multiple sources. ]. Mach. Learn. Res. 2008, 9, 1757-1774.

Crossley M.D. Essential topology. In: Springer Undergraduate Mathematics Series. Springer, London, 2005.
doi:10.1007 /1-84628-194-6

Czerwik S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostraviensis 1993, 1, 5-11.
Davis S.W. Topology. McGraw Hill, Boston, 2005.

Dedekind R. Ueber die von drei moduln erzeugte dualgruppe. Math. Ann. 1990, 53 (3), 371-403.
doi:10.1007 /BF01448979

Deza E., Deza M.-M. Dictionary of distances. Elsevier Science, Amsterdam, 2006.

Deza M.-M., Deza E. Encyclopedia of distances. Springer-Verlag, Berlin, Heidelberg, 2009. d0i:10.1007 /978-
3-642-00234-2

Deza M.-M., Deza E. Encyclopedia of distances. Springer-Verlag, Berlin, Heidelberg, 2014. doi:10.1007 /978-
3-662-44342-2

DiBenedetto E. Real analysis. In: Birkhduser Advanced Texts. Birkhduser, Boston, 2002. doi:10.1007/978-1-
4612-0117-5

Dieudonné ].A. Foundations of modern analysis. Academic Press, New York, 1969.
Euclid. Elements. circa 300BC.

Evans ].W., Harary F., Lynn M.S. On the computer enumeration of finite topologies. Commun. ACM 1967, 10 (5),
295-297. d0i:10.1145/363282.363311

Fagin R., Kumar R., Sivakumar D. Comparing top k lists. SIAM ]. Discrete Math. 2003, 17 (1), 134-160.
doi:10.1137 /50895480102412856.

Fagin R., Kumar R., Sivakumar D. Comparing top k lists. In: Proc. of the ACM-SIAM Symposium on
Discrete Algorithms, 2003, Soc. Industrial Appl. Math., 28-36.

Fréchet M.R. Sur quelques points du calcul fonctionnel (on some points of functional calculation). Rendiconti del
Circolo Matematico di Palermo 1906, 22, 1-74. (in French)

Fréchet M.R. Les Espaces abstraits et leur théorie considérée comme introduction a 1’analyse générale. In:
Borel series. Gauthier-Villars, Paris, 1928.

Galvin F., Shore S.D. Completeness in semimetric spaces. Pacific ]J. Math. 1984, 113 (1), 67-75.
d0i:10.2140/pjm.1984.113.67

Michael C. Gemignani M.C. Elementary topology. Addison-Wesley, London, 1972.

Gibbons J.D., Olkin I., Sobel M. Selecting and ordering populations: a new statistical methodology. John
Wiley & Sons, New York, 1977.

Giles J.R. Introduction to the analysis of metric spaces. Cambridge University Press, Cambridge, 1987.
Haaser N.B., Sullivan J.A. Real analysis. Dover Publications, New York, 1991.

Hahn H., Rosenthal A. Set functions. Univ. New Mexico Press, 1948.

Halmos P.R. Measure theory. D. Van Nostrand Company, New York, 1950.

Halmos P.R. Naive set theory. D. Van Nostrand Company, Princeton-New Jersey, 1960.

Hardy G.H., Littlewood J.E., Pélya G. Inequalities. Cambridge University Press, Cambridge, 1952.
Hausdorff F. Grundziige der mengenlehre. Von Veit, Leipzig, 1914.

Hausdorff F. Set theory. Chelsea Publishing Company, New York, 1937.

Heath R.W. A regular semi-metric space for which there is no semi-metric under which all spheres are open. Proc.
Amer. Math. Soc. 1961, 12 (4), 810-809. doi:10.1090/50002-9939-1961-0125562-9



80

[62]

[63]
[64]

[65]

[66]
[67]
[68]

[69]

[70]
[71]
[72]
(73]
[74]

[75]

[76]

[77]
(78]

[79]

(80]

[81]

(82]
(83]
(84]

(85]
(86]

(87]

(88]

GREENHOE D.].

Heinonen ]. Lectures on analysis on metric spaces. In: Universitext. Springer-Verlag, New York, 2001.
doi:10.1007 /978-1-4613-0131-8

Hoehn L., Niven I. Averages on the move. Math. Mag. 1985, 58 (3), 151-156. d0i:10.2307 /2689911

Jensen J.L.W.V. Sur les fonctions convexes et les ine’qalite’s entre les valeurs moyennes. Acta Math. 1906, 30 (1),
175-193. d0i:10.1007 /BF02418571

Jiménez R., Yukich J.E. Statistical distances based on Euclidean graphs. In: Recent Advances in Applied Proba-
bility. Springer US, 2005. 223-240. doi:10.1007/0-387-23394-6"10

Joshi K.D. Introduction to general topology. New Age International, 1983.
Kelley J.L. General topology. Van Nostrand, New York, 1955.

Khamsi M.A., Kirk W.A. An introduction to metric spaces and fixed point theory. John Wiley, New York,
2001.

Kirk W., Shahzad N. Fixed point theory in distance spaces. Springer International Publishing, 2014.
doi:10.1007 /978-3-319-10927-5

Korselt A. Bemerkung zur algebra der logik. Math. Ann. 1894, 44 (1), 156-157. doi:10.1007 / BF01446978
Krishnamurthy V. On the number of topologies on a finite set. The Amer. Math. Monthly 1966, 73 (2), 154-157.
Kubrusly C.S. The elements of operator theory. Springer, 2001.

Kubrusly C.S. The elements of operator theory. Birkhéuser, Basel, 2011. doi:10.1007 /978-0-8176-4998-2

Laos N.K. Topics in mathematical analysis and differential geometry. In: Series in pure mathematics, 24.
World Scientific, 1998.

Leathem J.G. Volume and surface integrals used in physics. In: Cambridge Tracts in Mathematics and
Mathematical Physics, 1. Cambridge University Press, 1905.

Lin D. An information-theoretic definition of similarity. Proc. of the Internat. Conf. on Machine Learning
1998, 296-304.

MacLane S., Birkhoff G. Algebra. AMS Chelsea Publishing, Providence, 1999.

Maddux R.D. Relation algebras. In: Studies in logic and the foundations of mathematics, 150. Elsevier
Science, 2006.

Maligranda L. A simple proof of the Holder and the Minkowski inequality. The Amer. Math. Monthly 1995, 102
(3), 256-259.

Maligranda L., Orlicz W. On some properties of functions of generalized variation. Monatsh. Math. 1987, 104 (1),
53-65. doi:10.1007 /BF01540525

McCarty G. Topology: An Introduction With Application to Topological Groups. McGraw-Hill Book Com-
pany, New York, 1967.

Menger K. Untersuchungen iiber allgemeine metrik. Math. Ann. 1930, 103 (1), 466-501. doi:10.1007 / BF01455705
Michel A.N., Herget C.J. Applied algebra and functional analysis. Dover Publications, 1993.

Milovanovi¢ G.V., Milovanovi¢ 1. On a generalization of certain results of A. Ostrowski and A. Lupas. Publ.
Elektrotehnickog Fakulteta 1979, (643/677), 62—69.

Minkowski H. Geometrie der zahlen. Druck und Verlag von B.G. Teubner, Leipzig, 1910.

Mitrinovi¢ D.S., Pe¢ari¢ J.E., Fink A.M. Classical and new inequalities in analysis. In: Mathematics and its
Applications, 61. Kluwer Academic Publishers, Dordrecht-Boston-London, 2010.

Molchanov 1.S. Theory of Random Sets. In: Probability and Its Applications. Springer-Verlag, London,
2005. doi:10.1007 /1-84628-150-4

Mulholland H.P. On generalizations of minkowski’s inequality in the form of a triangle inequality. Proc. London
Math. Soc. 1949, s2-51 (1), 294-307. doi:10.1112 /plms /s2-51.4.294



(89]
[90]
[91]
[92]

(93]

[94]
[95]

[96]

[97]
(98]
[99]

[100]

[101]

[102]

[113]

[114]

[115]

PROPERTIES OF DISTANCE SPACES WITH POWER TRIANGLE INEQUALITIES 81

Munkres J.R. Topology. Prentice Hall, Upper Saddle River, NJ, 2000.
Murdeshwar M.G. General topology. New Age International, 1990.
Ore O. On the foundation of abstract algebra. II. Ann. of Math. (2) 1936, 36 (2), 265-292. d0i:10.2307 /1968442

Pap E. Null-additive set functions. In: Mathematics and Its Applications, 337. Kluwer Academic Publishers,
1995.

Pecari¢ J.E., Proschan F., Tong Y.L. Convex functions, partial orderings and statistical applications. In:
Mathematics in Science and Engineering, 187. Academic Press, San Diego, California, 1992.

Ponnusamy S. Foundations of functional analysis. CRC Press, 2002.

Rana LK. An Introduction to measure and integration. In: Graduate Studies in Mathematics, 45. Amer.
Math. Soc., Providence, R.I., 2002.

Riesz F. Stetigkeitsbegriff und abstrakte mengenlehre. In: Castelnuovo G. (Eds.) Atti del IV Congresso
Internazionale dei Matematici, Rome, Italy, 1909, Tipografia della R. Accademia dei Lincei, 18-24.

Rosenlicht M. Introduction to analysis. Dover Publications, New York, 1968.
Rudin W. Principles of mathematical analysis. McGraw-Hill, New York, 1976.

Salzmann H., Grundhofer T., Hihl H., Lowen R. The classical fields: structural features of the real and
rational numbers. In: Encyclopedia of Mathematics and its Applications, 112. Cambridge University Press,
2007.

Schweizer B., Sklar A. Probabilistic metric spaces. Elsevier Science Publishing, 1983.

Searcéid M. Metric spaces. In: Springer Undergraduate Mathematics Series. Springer Science & Business
Media, 2006.

Sherstnev A.N. Random normed spaces. questions of completeness. Kazan. Gos. Univ. Uchen. Zap. 1962, 122 (4),
3-20.

Simon B. Convexity: an analytic viewpoint. In: Cambridge Tracts in Mathematics, 187. Cambridge Univer-
sity Press, 2011.

Sloane N.J.A. On-line encyclopedia of integer sequences. World Wide Web, 2014.

Steen L.A., Seebach J.A. Counterexamples in topology. Springer-Verlag, 1978.

Suppes P. Axiomatic Set Theory. Dover Publications, New York, 1972.

Sutherland W.A. Introduction to metric and topological spaces. Oxford University Press, 1975.

Szirmai J. The densest geodesic ball packing by a type of nil lattices. Beitrage Algebra Geom. 2007, 48 (2), 383-397.
Thomson B.S., Bruckner A.M., Bruckner J.B. Elementary Real Analysis. Prentice Hall, 2001.

Thron W.J. Topological structures. Holt, Rinehart and Winston, New York, 1966.

Tietze H.F.F. Beitriige zur allgemeinen topologie. I. Math. Ann. 1923, 88 (3-4), 290-312. doi:10.1007 /BF01579182

Tolsted E. An elementary derivation of Cauchy, Holder and Minkowski inequalities from Young's inequality. Math.
Mag. 1964, 37, 2-12, 1964.

Vallin R-W. Continuity and differentiability aspects of metric preserving functions. Real Anal. Exchange 1999, 25
(2), 849-868.

Veltkamp R.C. Shape matching: similarity measures and algorithms. Shape Modeling and Applications, SMI
2001 International Conference on 2001, 188-197. doi:10.1109/SMA.2001.923389

Veltkamp R.C., Hagedoorn M. Shape similarity measures, properties and constructions. In: Laurini
R. (Eds.) Proc. 4th Intern. Conf. "VISUAL 2000”, Lyon, France, November 2-4, 2000, Springer, Berlin-
Heidelberg, Advances in Visual Information Systems, Lecture Notes in Computer Science, 1929. 467-476.
d0i:10.1007 / 3-540-40053-2'41



82

[116]

[117]
[118]
[119]

[120]

[121]

GREENHOE D.]J.

Vitanyi PM.B. Information distance in multiples. IEEE Transactions on Information Theory 2011, 57 (4), 2451-
2456. doi:10.1109/TIT.2011.2110130

Walmsley C. An Introductory Course Of Mathematical Analysis. Cambridge University Press, 1920.
Wilson W.A. On semi-metric spaces. Amer. J. Math. 1931, 53 (2), 361-373. d0i:10.2307 /2370790

Xia Q. The geodesic problem in quasimetric spaces. J. Geom. Anal. 2009, 19 (2), 452-479. doi:10.1007 /s12220-
008-9065-4

Young W.H. On classes of summable functions and their Fourier series. Proc. of the Royal Soc. of London, 87
(594), 225-229.

Zorich V.A. Mathematical analysis. In: Universitext Series. Springer Science & Business Media, 2004.

Received 27.04.2015
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MeTpuuHi IpocTOpU 3ab6e3MeuyioTh OCHOBY AASI MATEMATUIHOTO aHAAI3Y i MAIOTh PSIA Ay>Ke KO-
PVICHMX BAACTMBOCTeM. baraTo 3 1mx BAaCTMBOCTel BUIIAMBAIOTh 30KpeMa 3 HePiBHOCTI TPUKYTHMKA.
OaHaxk € 6araTo 3aCTOCyBaHb, B IKMX HEPiBHICTD TPMKYTHMKA He CIIPaBAXKY€ETHCS, aAe B SKIX MU BCe
IIle MOXKeMO 3AIVICHIOBATHM aHaAi3. Y IIill CTaTTi AOCAIAXKYEMO, IO TPAIUThCS, SIKIIIO HePiBHICTD Tpu-
KYTHMKa BUAYYEHO 3 TIepeAiKy aKcioM MeTPUKM, IPY LIbOMY MeTPMYHMI MMPOCTIip CTae TakK 3BaHUM
IIPOCTOPOM 3 BiacTaHHIO. TakoX Hac LIiKaBUTh, IO 6yAe KOAM HEPiBHICTh TPUKYTHMKA 3aMiHeHa Ha
6iABII 3arasbHe ABOXIIapaMeTpMYHe CIIiBBiAHOIIEHHs, sIKe MJ Ha3/Ba€MO CTeIIeHeBOXO HepiBHICTIO
TpUKyTHMKa. Take y3araabHeHHsI HEPiBHOCTI TPUKYTHMKA Aa€ He3AIUeHHO BeAMKII KAac HepiBHO-
CTelf, i BKAIOYa€ Py IOMY 3BMYaliHy HepiBHICTb TPMKYTHMKA, CAAOKYy HepiBHICTD TPMKYTHMKA Ta
iHppaMeTpUUHy HepiBHICTD K YacTVHHI Bunaaky. CTelleHeBa HEPiBHICTb TPUKYTHMKA BI3HaUeHa
B TepMiHaX (PYHKIIiI, IKy MM Ha3MBaeMO CTeIleHeBOIO TPMKYTHOW (pyHKIieo. Ll dyHKIis € Heme-
PEPBHOIO i MOHOTOHHOIO BiAHOCHO CBOTO €KCIIOHEHIIIaAbHOIO MapaMeTpy, € CTeleHeBMM CePeAHIM,
i TaKOX BKAIOYAE SIK YaCTMHHI BUMMAAKM MaKCUMYyM, MiHIMyM, CepeAHe KBaApaTUJIHe, CepeAHE apy-
dMeTHUHe, cepeAHe TeOMETPIUHE i cepeAHe TapMOHiliHe.

Kontouosi cnosa i ¢ppasu: MeTPpWUIHVIT TIPOCTip, MPOCTip 3 BiACTaHHIO, HAIliBMETPUYHMIL IIPOCTIp,
KBa3i-MeTpUYHMIT IIPOCTip, HepiBHICTh TPMKYTHMKA, cAabka HEPiBHICTD TPMKYTHMKa, iHppameTpn-
Ka, cepeAHe apudMeTIdHe, cCepeAHe KBaApaTIIHe, CepeAHe TeOMeTpIUHe, cepeAHe rapMOHiliHe, Ma-
KCMMyM, MiHIMYM, CepeAHE CTeIleHeBe.



