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ON ESTIMATES FOR THE JACOBI TRANSFORM IN THE SPACE LP(R™, ]“fﬁ(x)dx)

For the Jacobi transform in the space LP (R*, J%(x)dx) we prove the estimates in some classes
of functions, characterized by a generalized modulus of continuity.
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1 INTRODUCTION AND PRELIMINARIES

The main aim of this paper is to generalize the Theorem 1 in [3].

Leta > 51, a > B > 5l and JP(x) := (2sinh x)24"1(2 cosh x)?*1 for x € R*. We define
Lﬁx,ﬁ) (RT) := LP(R™, J%F(x)dx), 1 < p < 2, as the Banach space of measurable functions f(x)
on R™ with the finite norm
1

o = ([ sz’

Let
2

+ ((2a +1) cos x + (28 + 1)tgx)i

Dap dx

=i

be the Jacobi differential operator and denote by qogla”s ) (x), A € C,x € RT, the Jacobi function

of order (a, B). The function (pgx’[3 ) (x) satisfies the differential equation

(Dep+ 42+ 07)9 () =0,
wherep =a + 4+ 1.

Lemma 1.1. Leta > B > _71,0c + _Tl,p =wa+ B+ 1, and let xo > 0. Then for || < p there
exists a positive constant C; = Cy(«, B, xo) such that

1= @i ()] > Gt — ja(p)],

forall0 < x < xp and u € R, where j,(x) is a normalized Bessel function of the first kind.

Proof. (See [2], Lemma 9). O
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In L’g{x 8) (R™) consider the Jacobi generalized translation Tj,

+0c0
Tnf(x) = f(2)Kap (x, 1, 2)]*F (2)dz

where the kernel I, g is explicitly known (see [5]).
The Jacobi transform is defined by formula

) = [ el (P

The inversion formula is
1
flx) = 27 Jo
where du(A) :=| C(A) |72 dA and the C-function C(A) is defined by
C) = 2°T(iA)L(3(1 +iA))
T(3(p +iA)T(3(p +iA) = B)

i o\ P (x)du(2),

We have the Young inequality
Hf”q,(rx,/%) < K”f”p,(rx,ﬁ)r 1)

where l +3 1 =1 and K is positive constant.
We note the important property of the Jacobi transform: if f € L” 5)( 1), then
Dopf(A) = =(A + 1) f(M). 2)
The following relation connects the Jacobi generalized translation and the Jacobi transform

Tuf(A) = o\“P () F ().

The finite differences of the first and higher orders are defined as follows

Apf(x) = Tuf (x) = f(x) = (T = Df(x),

3)

where [ is the identity operator in LZX 5) (R*) and
k
ALf(x) = Ay (85 f(x) = (Ty = 1) f(x) Z (O Tif (x), 4)
where TV f(x) = f(x), T.f(x) = Th(T}’;’lf(x)), i=12,...,kandk=1,2,....
The k-th order generalized modulus of continuity of a function f € L’ga 8) (R™) is defined
by
Ox(f,6) = Sup 1AL f gy 0 >0.
<h

Let W;];,)( a,6) denote the class of functions f € LZX 8) (R™) that have generalized derivatives

in the sense of Levi (see [4]) satisfying the estimate

(D} 4f,6) = O(9(d"),

0 —0;

O(¢(6")), 6 — 0},

i.e.,
npf € Ll(q,x,/;) (R*) and Oy(Dy 4f,6) =
D)

Wik (Dag) :={f € L’(ga/ﬁ)(lR*) D
where ¢(x) is any nonnegative function given on [0, o), and DY apf = [ Dypf = Da B(

r=1,2,...
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2  MAIN RESULTS

In this section we estimate the integral

[ I ran(y)

N

in certain classes of functions in LZX 8) (RT).

Lemma 2.1. Leta > B > _Tl,a#%l,p:a—i—ﬁ—i-l,andletfeLp

() (R™). Then

1
) . . 7
(02421 = P W F IR ) < KISEDL g Dl
wherel < p < 2 and q such that% —{—% =1

Proof. From formula (2) we obtain

,3f() (1) (A +p?) f(A); r=0,1,... (5)

We use the formulas (3) and (5) and conclude

TiDLef(A) = (1 (o () (02 + 2y F(0),  1<i<k ©

From the definition of finite difference (4) and formula (6) the image Ak D} i f(x) under the
Jacobi transform has the form

-~

BEDY (F(A) = (~1) () () — 1) (A2 + p2) F(M).
Now by the inequality (1) we have the result. O
Theorem 1. Leta > > _Tl,oc + _Tl,p =a+p+1landletf € W;,;’fP(D,X,ﬁ). Then
1
oo __ q _ C\k
sup ([T IF0ran) =o(N Fe(()) as Now
rk N
Wpl,zp(Doc,ﬁ)

wherer = 0,1,2,...; k = 1,2,..., ¢ > 0 is a fixed constant, and ¢(t) is any nonnegative
function defined on the interval [0, o).

Proof. In the terms of j,(x), for the normalized Bessel function of the first kind we have (see

[1])

1_juc(x) = O(1>/ x2>1, (7)
1—ju(x) = O(x?), 0<x<1, (8)
Vhx](hx) = O(1), hx >0, 9)

where ], (x) is Bessel function of the first kind, and

29T (a + 1)
xlX

ju(x) = Ja(x). (10)
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Let f € Wy, . ¢(Da,p). By the Holder inequality and Lemma 1.1, we have
[ IFdR) — [ Q) () = [ = jai)IF ) fdn(2)
o0 , ~ -2\ 1
= [ a=jam) (IFl T e@) [7)
00 . ~ 2 =% /1~ =2 :
Z/N(1—Ja(Ah))<|f(A)||C(A)| ) (Fl ey 7)) e

< ([T 17w ) ([ = omFay ) )

71

Bl

=g ([ roorao ) ([ 1= gDl Fonraua >);k
= Cil </Noo Iy (A)) N (/N (A2 4 02) 774741 — @\ “P) (k) |0¥ | £ (A)I‘fdu(A)) :
( gk-1 .

V([ o)) ™ ([700 i - ol P ) pan)

In view of Lemma 2.1, we conclude that

/N (A2 4 p2)"[1 = P ()| F(A) [P (A) < K|AEDL 4 ()1

Therefore

[ Frdue) < / ) F ) ()
S (/ F)an(a ) 85D
From formulas (9) and (10), we have jy (A1) = O((Ah)~*~%). Then
[ Fldp(a)
o(/;mm“%f( Woan) + N (1) )%IIA" DLaf )

o((Nh < [TFQ R N E ([Tl )q_"nAk DL s )

or

qk—1

=)=y [T F) ) = o) ([T IFa ) " I8DLaf I

Choose a constant ¢ such that the number 1 — ¢ %2 is positive. Setting i = c¢/N in the last
inequality, we obtain

[ F@ldu(a) =0 (/ F)ldp(a )%q)i((%)")-
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Then

[ 1) = o(N1g1( (1)),

N
which completes the proof. O

Corollary2.1. Leta > B> S, a # S p=a+B+1,¢(t) =t,v>0,andletf € W;j't‘a(D,X,/;).
Then

1
([T 1Fwran) =0y =) as N o,
N
wherel < p < 2 and q such that%+% =1
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Anst ieperBopenHst SIko6i B mpoctopi LP (R*, J%F (x)dx) AoBeAeHO OLiHKY B AeSIKUX KAacax pyH-
KII{iA, 110 XapaKTepU3yIOThCsI Y3araAbHEHIM MOAYAEM HellepepBHOCTI.

Kntouosi cnoea i ppasu: onepatop SIkobi, mepersoperHst SIkobi, y3ararbHeHWMiT 3cyB fIK06i, y3a-
raAbHEHVI MOAYAD HellepepBHOCTI.



