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CONVERGENCE IN L*[0,27]-METRIC OF LOGARITHMIC DERIVATIVE AND
ANGULAR v-DENSITY FOR ZEROS OF ENTIRE FUNCTION OF SLOWLY GROWTH

The subclass of a zero order entire function f is pointed out for which the existence of angular
v-density for zeros of entire function of zero order is equivalent to convergence in L?[0, 27t]-metric
of its logarithmic derivative.
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INTRODUCTION

Let L be the class of all positive non-decreasing unbounded continuously differentiable on
[0, +00) functions v such that rv/(r) /v(r) — 0as 0 < ryg < r — +oo. It is known (see [1,
p- 15]) that the class L coincides with the class of slowly increasing functions accurate to the
equivalent functions. By Hy(v), v € L, we denote the class of entire functions f of zero order
for which0 < A = rETfoo n(r)/v(r) < +oco. Without loss of generality we assume that f(0) = 1.

We will say that zeros of function f € Hy(v), v € L, have an angular v- density, if the limit

. n(r,a,pB)
Al p) = Bim —ors—
exists for all « and B, that do not belong to some no more than countable set from [0, 271].
Here n(r, a, B) is the number of zeros a, of the function f, which lie in the sector {z: |z| < r,
v <argz < B}, 0<a<p<2m
f'(z)
f(z)

measurable sets G C R such that lim mes(GN[0,7])/r <#5,0<7n <1.

r—>+o00

We also denote by F(z) = z

the logarithmic derivative of f, by &, the family of all

Theorem ([2]). Letv € L, f € Hy(v) and zeros of the function f have angular v-density. Then
there exists a set G € &, such that, for arbitrary p € [1, +c0),

—0, r— 4o, ré¢QG.

H E(re®®) = n(r)
p

v(r)
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The converse statement is false. The question is under which conditions for f € Hy(v)
from the convergence in L? |0, 27t]-metric of the function F the existence of angular v-density
of zeros of f will follow. We note [3], that in the case of an entire function f of non integer
order p > 0 the existence of angular density of its zeros is equivalent to the following

i

where p € [1,+00), g€ L1[0,27], p(r) is the proximate order of f, p(r) — p, r — —+o0.

In this paper we will point out the subclass of entire function f from the class Hy(v), for
which the existence of angular v-density of zeros of the function f will be equivalent to the
convergence of the logarithmic derivative F in L?[0, 27t]-metric.

F (rei" )
rP(r)

—8(0)|| =0, r— 400, rZ£G,GEE,

p

1 MAIN RESULTS

=1
finite system of rays, by n(r,6;; f) = n(r,0;) the number of zeros of f € Hy(v) lying on the
ray lo, = {z: argz = 60;} and modules of which do not exceed r. Let ;(8) = (6 — 7 —6;),

0; < 0 < 6;+ 27, and /1;(0) be its periodic continuation from (8, 6; + 277) on R, j = T, m. For

U € L we set
r ~
u(r) = /@dt.

0

m m
Let us denote by ', = UJ {z: argz=10;} = U lgj, —mT <0 <0 <...<0, <m,the
=1

It is easy to see that v € L and 0(r) = o(v(r)) asr — +o0.

Theorem 1. Let U € L, f € Hy(v). Suppose that zeros of the function f lie on the finite system
of rays I'y, and foreachj = 1,m, A >0

n(r,0;) = Aju(r) +o(v(r)), 1 — +oo. (1)

Then

—iHg(0)|| — 0, r = +oo, (2)

p

where Hf(9> = -; A] ](9),A = gl A]‘.

Theorem 2. Let G € L'[0,27t], 0 € L, f € Hy(v). Suppose that zeros of the function f lie on
the finite system of rays I'y, and

—iG(0)|| =0, r — 4. 3)

H E(re®®) = n(r)
p

o(r)

27
Then zeros of the function f have an angular v-density, moreover [ G(0)d6 = 0.
0



CONVERGENCE IN L?[0,277]-METRIC OF LOGARITHMIC DERIVATIVE AND ANGULAR v-DENSITY OF ZEROS 211
2 ADDITIONAL RESULTS

To prove Theorems 1, 2 we will use the following results, which we formulate as lemmas.

Lemma 1 ([1]). Letv € L. Then fork € IN

r* / ;)k(—ﬁdt = %v(r) +o(v(r)), r— +oo,

v(t)

—k
r t—k+1

dt = %v(r) +o(v(r)), r— oo

o

Lemma 2. Letv € L, (t) be a function, locally integrable on [1, +0), and ¢(t) — 0 ast — 0.

Then fork € N .

rk / Mdt =o(v(r)), r— +oo,

th+1

r

YL
0

The proof of this lemma follows from applying L'Hopital’s rule.
Let ¢k (7, d>) k € Z, be the Fourier coefficients of function ®(re'?) as a function of 6, that is

1
c(r, @) ——fCDre’e —ik0 > 0.

Lemma 3. LetU € L, f € Hy(v), zeros of the function f lie on the finite system of rays I';, and
(1) holds. Then there exists o > 0 such that fork € Z \ {0} the relations

c(r,F) = —%w) +o((r), 1 — oo,

2A ~
lex(r, F)| < T o(r), r>rg,A>0,A>0,

hold.

m .
Proof. Since ni(r)= Y. e_lkefn(r, 0;), owing to (1) we have
=1

n(r) = Kkv(r) +o(v(r)), r— +oo,
where Ay = ) Aje” ™.
j=1
From formulas for calculating the coefficients ¢, (7, F) [2, Lemma 3] and the last identity,
using Lemma 2, we obtain

T (®) < Tl Fo(a(r)
ce(r,F) = ni(r) — kr / t]’;”l dt = Ao(r) +0(0(r)) — kA / mdt — krk / P dt

r

+oo
= Au(r) — kA k( + / tkHdt) ()):—/Skrk/ kﬁduo( (r), keN,

r



212 MOSTOVA M.R., ZABOLOTSKY] M. V.

asr — +oo.
Similarly, fork € Z, k <0,

r ~
cx(r, F) = Zkrk/ ;)k(—ﬁdt—l—o(?)(r)), r — —o00.
0

From this and Lemma 1 we have

ck(r, F) —%U(r), r— 400,
(1, F)| < %5(7’), r>
U
3 PROOF OF THE MAIN RESULTS
Proof of Theorem 1. We set
L 27 y | 9j+27T .
by = c(Hy) = 5 Z;A] / hi(0)e o = —— ZlA] / hi(0)e*do
= 0 = 9
~ : (4)

Therefore |by| < %, k # 0. Since, by Lemma 3, |ck(r,F)| < %U(?’), the sequence
(ckN(r' B _ ibk> belongs to the space I; with g > 1, r > ry. We have
u(r) k#0
c(r,F(z) —n(r)) = c(r, F) for k#0.
Thus by Hausdorff-Young theorem [4, p. 153] for p > 2, % + % =1,
0 ] 1
AN q
HM —iH(0)| <<} alrF) g "L
u(r) p k0 u(r)

Since the resulting series is uniformly convergent for all ¥ > r, by making the limiting
transition as r — +-co in the last inequality and owing to Lemma 3 and identity (4) we obtain
—iHg(0)|| — 0, r — +oo,

H E(re®) = n(r)
p

o(r)

for p > 2. By Holder’s inequality || - ||, < |- |2 for 1 < p < 2, that is (2) is also valid for
1 < p < 2. The Theorem 1 is proved. O
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Proof of Theorem 2. Let us denote by gi the Fourier coefficients of function G, namely g =
cx(G). Then, by (3), we obtain

%ﬁﬁl:ﬂﬁm4g‘ %@%6%92—@k:

1 7"<F<ref9> 000 e

u(r) 2r J o(r)
2n ,
19 _ 9y —
gi/ (re ”Y—E@Vﬁwﬂiii@—mw 0,
2 / o(r) p
as r — —+oo0. Since ¢o(r, F) = n(r) from the last relation we find gy = 0, that is
27
/Gwmez
r
For k # 0 owing to [(r) := cx(r,Inf) = [ Ck dt we obtain
0
f cx(t, F)/tdt
= i 200 = i S~ i S0 g
r o9} r o9} r e}
Jo(t)/tdt
0
By identities (see, for instance, [5, Lemma 1])
+o0
_ Lk ”k( _ kN ikt n(r,6;) _
L(r) = —r / tk+1 Ze ! / s dt, k=1,m,
r r
we have the linear system of equations with respect to the quantities n(r, 6;), j = 1,m,
( m i0
;1 e in(r,0;) = rl(r) — Li(r),
];1 »
_21 e 2in(r, 0;) = rly(r) —2Ix(r),
]:
_Ele min (r, 0;) = 1l (r) — mly(r)
\J=
Since
e"r o2 pim
—i20;  ,—i26, —i20,,
e e ... 20,
e—z"mal e—z‘}naz e—i;nB,,z
we have "
T 9]) = Z bk](klk( — T’Zk Z bk] klk — ck(r, F)),
k=1
where by; € C. Taking into consideration (5) and the last identities we obtain for j = 1,m
m
n(r,0) = (1+0(1))i ), byi(kgiv(r) — gi0(r)) =i Z bijkgv(r) +o(v(r))
k=1 k=1

= Aju(r) +o(v(r)), r— +oo.
Hence, zeros of the function f have an angular v-density. O
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Remark. By the conditions of Theorem 2 it is easy to verify that G(0) = H¢(0) for almost all
6 € [0,271].
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BuainreHo miakaac Diamx pyHKIIM f HYABOBOTO IOPSIAKY, AASI SIKMX IIOHSITTSI iCHYBaHHS KYTOBOI
U-IIIABHOCTI HYAIB f Ta 36DxHicTb B LP [0, 277]-MeTpuii ii AorapudpMiqHOI OXIAHOI € piBHOCMABHN-
MIL.
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