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CONVERGENCE IN Lp[0, 2π]-METRIC OF LOGARITHMIC DERIVATIVE AND

ANGULAR υ-DENSITY FOR ZEROS OF ENTIRE FUNCTION OF SLOWLY GROWTH

The subclass of a zero order entire function f is pointed out for which the existence of angular

υ-density for zeros of entire function of zero order is equivalent to convergence in Lp[0, 2π]-metric

of its logarithmic derivative.
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INTRODUCTION

Let L be the class of all positive non-decreasing unbounded continuously differentiable on

[0,+∞) functions υ such that rυ′(r)/υ(r) → 0 as 0 < r0 ≤ r → +∞. It is known (see [1,

p. 15]) that the class L coincides with the class of slowly increasing functions accurate to the

equivalent functions. By H0(υ), υ ∈ L, we denote the class of entire functions f of zero order

for which 0 < ∆ = lim
r→+∞

n(r)/υ(r) < +∞. Without loss of generality we assume that f (0) = 1.

We will say that zeros of function f ∈H0(υ), υ∈ L, have an angular υ- density, if the limit

∆(α, β) = lim
r→+∞

n(r, α, β)

υ(r)

exists for all α and β, that do not belong to some no more than countable set from [0, 2π].

Here n(r, α, β) is the number of zeros an of the function f , which lie in the sector {z : |z| ≤ r,

α ≤ arg z < β}, 0 ≤ α < β < 2π.

We also denote by F(z) = z
f ′(z)

f (z)
the logarithmic derivative of f , by Eη the family of all

measurable sets G ⊂ R+ such that lim
r→+∞

mes(G ∩ [0, r])/r ≤ η, 0 < η < 1.

Theorem ([2]). Let υ ∈ L, f ∈ H0(υ) and zeros of the function f have angular υ-density. Then

there exists a set G ∈ Eη such that, for arbitrary p ∈ [1,+∞),

∥∥∥∥
F(reiθ)− n(r)

υ(r)

∥∥∥∥
p

→ 0, r → +∞, r /∈ G.
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The converse statement is false. The question is under which conditions for f ∈ H0(υ)

from the convergence in Lp[0, 2π]-metric of the function F the existence of angular υ-density

of zeros of f will follow. We note [3], that in the case of an entire function f of non integer

order ρ > 0 the existence of angular density of its zeros is equivalent to the following

∥∥∥∥
F(reiθ)

rρ(r)
− g(θ)

∥∥∥∥
p

→ 0, r → +∞, r /∈ G, G ∈ Eη,

where p ∈ [1,+∞), g∈ L1[0, 2π], ρ(r) is the proximate order of f , ρ(r) → ρ, r → +∞.

In this paper we will point out the subclass of entire function f from the class H0(υ), for

which the existence of angular υ-density of zeros of the function f will be equivalent to the

convergence of the logarithmic derivative F in Lp[0, 2π]-metric.

1 MAIN RESULTS

Let us denote by Γm =
m⋃

j=1
{z : arg z = θj} =

m⋃
j=1

lθj
, −π ≤ θ1 < θ2 < . . . < θm < π, the

finite system of rays, by n(r, θj; f ) = n(r, θj) the number of zeros of f ∈ H0(υ) lying on the

ray lθj
= {z : arg z = θj} and modules of which do not exceed r. Let hj(θ) = (θ − π − θj),

θj < θ < θj + 2π, and ĥj(θ) be its periodic continuation from (θj, θj + 2π) on R, j = 1, m. For

υ̃ ∈ L we set

υ(r) =

r∫

0

υ̃(t)

t
dt.

It is easy to see that υ ∈ L and υ̃(r) = o(υ(r)) as r → +∞.

Theorem 1. Let υ̃ ∈ L, f ∈ H0(υ). Suppose that zeros of the function f lie on the finite system

of rays Γm and for each j = 1, m, ∆j > 0

n(r, θj) = ∆jυ(r) + o(υ̃(r)), r → +∞. (1)

Then
∥∥∥∥

F(reiθ)− n(r)

υ̃(r)
− iH f (θ)

∥∥∥∥
p

=

∥∥∥∥
F(reiθ)− ∆υ(r)

υ̃(r)
− iH f (θ)

∥∥∥∥
p

→ 0, r → +∞, (2)

where H f (θ) =
m

∑
j=1

∆j ĥj(θ), ∆ =
m

∑
j=1

∆j.

Theorem 2. Let G ∈ L1[0, 2π], υ̃ ∈ L, f ∈ H0(υ). Suppose that zeros of the function f lie on

the finite system of rays Γm and

∥∥∥∥
F(reiθ)− n(r)

υ̃(r)
− iG(θ)

∥∥∥∥
p

→ 0, r → +∞. (3)

Then zeros of the function f have an angular υ-density, moreover
2π∫
0

G(θ)dθ = 0.
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2 ADDITIONAL RESULTS

To prove Theorems 1, 2 we will use the following results, which we formulate as lemmas.

Lemma 1 ([1]). Let υ ∈ L. Then for k ∈ N

rk

+∞∫

r

υ(t)

tk+1
dt =

1

k
υ(r) + o(υ(r)), r → +∞,

r−k

r∫

0

υ(t)

t−k+1
dt =

1

k
υ(r) + o(υ(r)), r → +∞.

Lemma 2. Let υ ∈ L, ε(t) be a function, locally integrable on [1,+∞), and ε(t) → 0 as t → +∞.

Then for k ∈ N

rk

+∞∫

r

ε(t)υ(t)

tk+1
dt = o(υ(r)), r → +∞,

r−k

r∫

0

ε(t)υ(t)

t−k+1
dt = o(υ(r)), r → +∞.

The proof of this lemma follows from applying L’Hopital’s rule.

Let ck(r, Φ), k ∈ Z, be the Fourier coefficients of function Φ(reiθ) as a function of θ, that is

ck(r, Φ) =
1

2π

2π∫
0

Φ(reiθ)e−ikθ, r > 0.

Lemma 3. Let υ̃ ∈ L, f ∈ H0(υ), zeros of the function f lie on the finite system of rays Γm and

(1) holds. Then there exists r0 > 0 such that for k ∈ Z \ {0} the relations

ck(r, F) = −
∆̃k

k
υ̃(r) + o(υ̃(r)), r → +∞,

|ck(r, F)| ≤
2∆

|k|
υ̃(r), r ≥ r0, ∆ > 0, ∆̃k > 0,

hold.

Proof. Since nk(r)=
m

∑
j=1

e−ikθjn(r, θj), owing to (1) we have

nk(r) = ∆̃kυ(r) + o(υ̃(r)), r → +∞,

where ∆̃k =
m

∑
j=1

∆je
−ikθj.

From formulas for calculating the coefficients ck(r, F) [2, Lemma 3] and the last identity,

using Lemma 2, we obtain

ck(r, F) = nk(r)− krk

+∞∫

r

nk(t)

tk+1
dt = ∆̃kυ(r) + o(υ̃(r))− k∆̃krk

+∞∫

r

υ(t)

tk+1
dt − krk

+∞∫

r

o(υ̃(r))

tk+1
dt

= ∆̃kυ(r)− k∆̃krk


υ(r)

krk
+

1

k

+∞∫

r

υ̃(t)

tk+1
dt


+ o(υ̃(r)) = −∆̃krk

+∞∫

r

υ̃(t)

tk+1
dt + o(υ̃(r)), k ∈ N,
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as r → +∞.

Similarly, for k ∈ Z, k < 0,

ck(r, F) = ∆̃krk

r∫

0

υ̃(t)

tk+1
dt + o(υ̃(r)), r → +∞.

From this and Lemma 1 we have

ck(r, F) ∼ −
∆̃k

k
υ̃(r), r → +∞,

|ck(r, F)| ≤
2∆

|k|
υ̃(r), r ≥ r0.

3 PROOF OF THE MAIN RESULTS

Proof of Theorem 1. We set

bk := ck(H f ) =
1

2π

m

∑
j=1

∆j

2π∫

0

ĥj(θ)e
−ikθdθ =

1

2π

m

∑
j=1

∆j

θj+2π∫

θj

hj(θ)e
−ikθdθ

=
i

k

m

∑
j=1

∆je
−ikθj =





i∆̃k

k
, k 6= 0,

0, k = 0.

(4)

Therefore |bk| ≤
∆

|k|
, k 6= 0. Since, by Lemma 3, |ck(r, F)| ≤

2∆

|k|
υ̃(r), the sequence

(
ck(r, F)

υ̃(r)
− ibk

)

k 6=0

belongs to the space lq with q > 1, r ≥ r0. We have

ck(r, F(z)− n(r)) = ck(r, F) for k 6= 0.

Thus by Hausdorff-Young theorem [4, p. 153] for p ≥ 2,
1

p
+

1

q
= 1,

∥∥∥∥
F(reiθ)− n(r)

υ̃(r)
− iH f (θ)

∥∥∥∥
p

≤

{

∑
k 6=0

∣∣∣∣
ck(r, F)

υ̃(r)
− ibk

∣∣∣∣
q
} 1

q

.

Since the resulting series is uniformly convergent for all r ≥ r0, by making the limiting

transition as r → +∞ in the last inequality and owing to Lemma 3 and identity (4) we obtain

∥∥∥∥
F(reiθ)− n(r)

υ̃(r)
− iH f (θ)

∥∥∥∥
p

→ 0, r → +∞,

for p ≥ 2. By Holder’s inequality ‖ · ‖p ≤ ‖ · ‖2 for 1 ≤ p < 2, that is (2) is also valid for

1 ≤ p < 2. The Theorem 1 is proved. �
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Proof of Theorem 2. Let us denote by gk the Fourier coefficients of function G, namely gk =

ck(G). Then, by (3), we obtain
∣∣∣∣
ck(r, F)− n(r)

υ̃(r)
− igk

∣∣∣∣=
∣∣∣∣
ck(r, F − n(r))

υ̃(r)
− igk

∣∣∣∣=

∣∣∣∣∣∣
1

2π

2π∫

0

(
F(reiθ)− n(r)

υ̃(r)
− iG(θ)

)
e−ikθdθ

∣∣∣∣∣∣

≤
1

2π

2π∫

0

∣∣∣∣
F(reiθ)− n(r)

υ̃(r)
− iG(θ)

∣∣∣∣ dθ ≤

∥∥∥∥
F(reiϕ)− n(r)

υ̃(r)
− iG(θ)

∥∥∥∥
p

→ 0,

as r → +∞. Since c0(r, F) = n(r) from the last relation we find g0 = 0, that is
2π∫

0

G(θ)dθ = 0.

For k 6= 0 owing to lk(r) := ck(r, ln f ) =
r∫

0

ck(t, F)

t
dt we obtain

igk = lim
r→+∞

ck(r, F)

υ̃(r)
= lim

r→+∞

r∫
0

ck(t, F)/tdt

r∫
0

υ̃(t)/tdt

= lim
r→+∞

ck(r, ln f )

υ(r)
. (5)

By identities (see, for instance, [5, Lemma 1])

lk(r) = −rk

+∞∫

r

nk(t)

tk+1
dt = −rk

m

∑
j=1

e−ikθj

+∞∫

r

n(r, θj)

tk+1
dt, k = 1, m,

we have the linear system of equations with respect to the quantities n(r, θj), j = 1, m,





m

∑
j=1

e−iθjn(r, θj) = rl′1(r)− l1(r),

m

∑
j=1

e−i2θjn(r, θj) = rl′2(r)− 2l2(r),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
m

∑
j=1

e−imθjn(r, θj) = rl′m(r)− mlm(r).

Since ∣∣∣∣∣∣∣∣∣

e−iθ1 e−iθ2 . . . e−iθm

e−i2θ1 e−i2θ2 . . . e−i2θm

. . . .

e−imθ1 e−imθ2 . . . e−imθm

∣∣∣∣∣∣∣∣∣
6= 0,

we have

n(r, θj) =
m

∑
k=1

bkj(klk(r)− rl′k(r)) =
m

∑
k=1

bkj(klk(r)− ck(r, F)),

where bkj ∈ C. Taking into consideration (5) and the last identities we obtain for j = 1, m

n(r, θj) = (1 + o(1))i
m

∑
k=1

bkj(kgkυ(r)− gkυ̃(r)) = i
m

∑
k=1

bkjkgkυ(r) + o(υ(r))

= ∆jυ(r) + o(υ(r)), r → +∞.

Hence, zeros of the function f have an angular υ-density. �
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Remark. By the conditions of Theorem 2 it is easy to verify that G(θ) = H f (θ) for almost all

θ ∈ [0, 2π].
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Видiлено пiдклас цiлих функцiй f нульового порядку, для яких поняття iснування кутової

υ-щiльностi нулiв f та збiжнiсть в Lp[0, 2π]-метрицi її логарифмiчної похiдної є рiвносильни-

ми.
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Фур’є, повiльно зростаюча функцiя.


