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ON CONVERGENCE OF (2,1,...,1)-PERIODIC BRANCHED CONTINUED
FRACTION OF THE SPECIAL FORM

(2,1,...,1)-periodic branched continued fraction of the special form is defined. Conditions of
convergence are established for 2-periodic continued fraction and (2,1,...,1)-periodic branched
continued fraction of the special form. Truncation error bounds are estimated for these fractions
under additional conditions.
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INTRODUCTION

Periodic continued fractions are an important subclass of continued fractions
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b

wherea;, by, b; € C;i > 1. A fraction (1) is called p-periodic, if its elements satisfy the following
conditions: Appyk = Ok and bpn+k =byn>01<k < p; pe N. L Euler, D. Bernoulli,
E.Kahl, E. Galios, A. Pringsheim, W. Leighton, O. Perron, R. Lane, H. Wall, W. Jones, W. Thron,
H. Waadeland, L. Loretzen, A. F. Beardon etc. investigated p-periodic fractions. The reviews
of corresponding results can be found in [5-7]. It is known (see [5, p. 181]), that the set

QO={zeC:|arg(z+1/4)| < 1t} ()
is the convergence set of the 1-periodic continued fraction

1+ i + i + 3

atpte 3)

Moreover, attracting and repelling fixed points of the linear fractional transformation #(w) =
1+ ¢/w are the points

x=(1+v1+4c)/2, y=(1-v1+4c)/2 (4)
In [5, p. 49] it is proved that the the following relations are valid for the fraction (3)
xn+2 _ yn+2 xn+1 _ yn—i-l Pn
= - = - — > 1 _ = .
Pn x_y 7 Qi’l x_y 7 n_ll ’/}E;rolan X (5)
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1 MAIN RESULTS

We consider the branched continued fraction (BCF) of the special form

o ikfl a:
1+D Y =% (6)

where a;;) € C, i(k) € Z,Zisasetof multiindex, Z = {iyip...ix : 1 < iy <ir_1;k > 1;ip = N},
N is a fixed natural number. Some results according to these BCF are in [3,4].
Continued fraction

-1

1+ () 1+[)JQF@ ,
q=1

wherei(m) € T, iy = im1q = 1,q > 1,is called the i(m)-th branch of the r-th order of BCF (6).

Definition. A fraction (6) is called ?-periodic branched continued fraction of the special
form, where 7 = (p1,p2,--.,PN), pj € N,j =1,N, if all i(m)-th branches are the identical
pi,,-periodic continued fraction for each fixed iy,.

Let BCF (6) be a 7/ -periodic fraction. Than its elements satisfy the following conditions

ar...v=4ar...vr. OF Gimyy...vr = 4r...1, 7)
q s q s
whereq > 1, g=n-p,+s;r=1,N;s =1,p;, m > 1;i(m) € Z; r < iyy; n > 0. Each i(m)-th
branch of the r-th order is called the r-th branch of such fraction.
We introduce the notation ar . .. = ¢, s for elements of the fraction (6). Then ?-periodie

S

BCF can be written as follows

C.
1+D Y li"s. (8)
We investigate the convergence of (2,1, ..., 1)-periodic BCF with N branches
€11 €21
1+ C1,2 T C1,1 2,1
1+ v 1+ 7 + C - C
14 1,1 14 1,2 14 1,1 2,1
14 12 14 11 14 “12 14+ +-..
1+ 1+, 1+ '
(N2
et €11 €21 CN,1 - )
1+1 4 C1,2 +1 4 €11 02,1 T '+1+ €11 021 + (N1
1+. 1+. 1+ 1+, "1+, 714,
For this we define tails of ?—periodic BCF (8) with initial conditions: R(()q’j ) — 1,9 = 1,N,
1 <j<mn,n>1,and the recurrence relations
RIS — 4 b 1<s<
n - R(1,S+1)/ >S5 p1,
n—1 (10)
Ck1 Cq,s

RS =1+ 5]

R(k,Z) R(qls+1)/ q= 1,N;1<s< Pq,

n—1 n—1
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wheren > 1p; € N, g = 1,N. Then R,(ﬂ'f) = Rgﬁ’s) and R,(ﬂ"”) = R,(ﬁ_l’l) + cq,m/Ri(ff'fH),
n>1l,g=1,N1<j<nl1<m<p;—1,p; €N

Thus, the n-th approximants of BCF (8) are equal to F, = Rg,N’l), n>1F=1.

For investigation of truncation error bounds of the fraction (8) we have used a formula for
n > 0, m > 0, that had been proved in [1], such as

kig k1o ko k1
11,21 ---CNa

)3 T (R(l,j+1) _R(l,j+1)> I <R(N,1) R(@l))’

— . L.
k EI’(ﬁl 7 m+ly—j I —j j=1 m+n—j n—j

Fn+m_Fn == (11)

_>
where Z) := { K = (ki ko, .. kn) s ki = kiy+ ki ki > 01 = TN; £ kg = n+1},

L=n—YN, k,RY =1, =TN,j=T,p,p1 =2 p2= ... = px = 1, ks is defined
in [3]. Now we consider the 2-periodic continued fraction

Ll bl el -

+‘—1—|—’—1—|—’—1—|—’—1+.... (12)

Let A = 1+a+band A # 0. According to [5, Theorems 2.19, 2.20], [6, Theorem 1.6] we
have that the even part and the odd part of the fraction (12) are equal to

00 -1 00
C C
a1 DY) DY
i i1

respectively, where ¢y = —ab, dy = 1+ a + b. Next, let P, Q, be the v-th nominator and the
v-th denominator of 1-periodic continued fraction

—ab/(1+a+b)? —ab/(1+a+b)?
oW/t b? —ab/(tat bR

e > 1.
i i , v>1 (13)
Then, according to formulas (5), we have for k > 0
J7k+2 _ ]7k+2 J7k+1 _ ]7k+1
Pk = = =< Qk = = =<
xX—y xX—y
where X = (1+v1—4ab/A?)/2, 7= (1— 1 —4ab/A?)/2.
n+s—1
Let f,SS) =14+ kD al—kbe the s-th tail of the fraction (12),n > 1,1 < s < n, where ay,_1 = a,
=s
ayr = b, k > 1. Then the following formulas
G) APy y G —ai+1Qu+ AP .
— . v>0, - , v>0, j=12
f21/ _anvfl + AP, 4 f21/+1 Qv ]

are valid for the 1-st and 2-nd tails of 2-periodic continued fraction (12).

Lemma. Let the elements of 2-periodic fraction (12) satisfy the condition —ab/A? € Q), where
A=1+a+0b, A #0, and Q) is defined by formula (2). Then:

1. the fraction (12) converges to value x = (1+a — b+ A1 —4ab/A?)/2;
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2. jffz(,{)Jrl #0,k>0,j=1,2,and | —a+ AP./Q| > €1 > 0,k > 0, then truncation error
bounds are valid

fa — x| < CqlmtD72 >0, (14)
1—+/1—4ab/)\2 |X||A](1 +q)? 1 |af
h = <1,C= ———F7— — — =|b AM,
where g TRV ey e ma 2 ep = |b| + |A|

M = [3(1+?)/ (1 —q), ¥ = (1 + VI —4ab/?) /2.
Proof. Let c = —ab/A2. Since ¢ € Q, then 1-periodic continued fraction (13) converges and its
value is X, moreover |X| > |y|. Next, since A # 0, then Vlgglo fov+1 = Ulgglo foy = x. From this it
follows that the fraction (12) converges and nl1_r>r010 fn = x.
Since ¢ € (), all approximants of the fraction (13) are not equal to zero. It follows that
fz(,]q) #0,n>1,j=1,2. Forn > 1and m > 1 we estimate the difference |f,12m — ful|, using

5C4<+2 _ gk+2 1— (g’/f)k-ﬁ-z
formula (11) By virtue of Q_ = W = |./7\C/| W for k Z 0 the fOllOWlng

inequalities are valid p < |P;/Qk| < M, where y = |X|(1 — g), and | — b + AP/ Qx| < &3.
Let n and k be arbitrary natural numbers, moreover n = 2r+ 1,k =r+m,r > 0,m > 0.
Then

ot — farsa| = L
el 2 1 2 1 ’
H;i% <|f2(k)72q+2| |f2(k12q+1 | |f2(r)+172q+1 | |f2(r4)rleq|)
r+1 P._ (1 _ )
(2) (1) _ |yl k-1 S AL q
g ‘fz(k—q—i-l)fz(k—q)—b—l‘ M’ _ka—r +Apk—r = M’ ‘x‘ (1 —}—q)éiz’

r+1 -
(2) (1) o nepl—a
qu[l ’fz(’*qﬂ)f%rfq)ﬂ‘ = (A" [Pra| = [A]]x] g

From this, we have
r+1

(ab/A2) A1 —¢q)2  [gI T ERTHAI(L + )
APra+gM T EPIA—g2M
where C; = |A||x[(1 +¢)%/((1 — q)°M).
Let n and k be arbitrary natural numbers, moreover n = 2r+ 1,k =r+m,r > 0, m > 0.
Then, by analogy we have

| fars1 — form] <

ja|"*1b]" (1 +q)° y |a]|%](1 + )
|fox — far| < N2 Fr—1 2 — L2 lZ C2:—22
AP [x[ =1 — g)%e X (1—9)%
Finally, we obtain truncation error bounds (14) for m — co. O

Now we consider the linear fractional transformation

C1,1

5] (w) =1+ (15)

—
1+ 2
w

Let X; be the attracting fixed point of this transformation, X, Y; be the attracting and repelling
fixed points of tj(w) = X;_1 +¢j1/w, j = 2, N. Itis known in [5, p. 190], that

X = (A =2e10+A4y/1-der1c10/A2) /2. (16)
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Theorem. Let yu = —cy1c12/A%, A =1+4c11+c10, A # 0, u € Qq, where Q) is defined by the
formula (2), and let the elements of the fraction (9) satisty the following conditions c;1 € ();,
j=2,N,where); = {z € C: |arg(z + X]Zfl/4)| < 7t}. Then:

1. the fraction (9) converges and its value is F = Xy,

2. moreover, ingi)l #0,n>0,j=1,2|—c11+AP/Qx| > €1 >0,k >1,

1= .
lcja| < 1 [Ir» i=2N, (17)
k=1
L (1=p1)e -
where 1 = MHx\mg, e = ve, vy = (1+dy)/2, dp = \/1 — 4 cpq |/ TT8 L

k=2,N,%= (1++/1—4c11c120/A%)/2, &2 = |c12| + [A||X](1 +03)/(1 — p1), then for
n > 1 the truncation error bounds are valid
o n+1 n—+1
,FH_HSL( N-1 >‘(\/P_) —p
N+n—-1 1/0 —/P1

1—/1—4c11012/A2 1 v M
— ,0=max{p;}, 0= ——— L=T1N,—L M =
141 desera/A2) j:Z,_N{p]} b= a+a) Ij=1 73~ Mh

2
+p1 2 M~ max {1, 61l = mind e, AIE = pr) ,i=2,N.
1—p1) &1 o T, Vi 2¢p

Proof. By induction on g we prove the convergence of the sequence {R,(ﬂ’l) g=1,N.

n=1’
For g = 1 the convergence of the sequence {Rg,l’l) }oo , follows from Lemma, i.e. lgn R,g D=
n—oo

(18)

where p1 =

X1, where Xj is defined by the formula (16). By induction hypothesis the following relations
limy;—eo R(k N = Xk, Xk # 0, Yy # 0, hold for g = k, where 2 < k < N — 1. We write R,(ﬂ’l) for
g = k + 1 and for the arbitrary natural n as follows

c c
RED R
‘Rn—l ’RO
. . . .~ Ckr11/ X7 .
Since cxy11 € 1, the linear fractional transformation t; 1 (w) = Tio S loxodromic
and from (C) of the [5, Theorem 4.13] we have, that hm R(k+1 U _ = Xji1, where Xj 11 = =Yg

and y 1 is the repelling fixed point of tk+1( ). Next, since cx411 7 0, then Xj 1 # 0, Yip1 # 0.
Hence, nh_r>r010 F, = Xyn.

Let k and m be arbitrary integer numbers and 1 < k < m, m > 1, k = [k1/2], where k; is
defined by the formula (11). By virtue of A # 0, RS}'Z) = f,sz) and Rg,l’l) = fn(l), n > 1, we have

—c + AP,
H RE | |RYD| 2 aff | a2
—C11 Qvfk + Apvfk

where v = (m +11)/2 —jand 1 is defined by formula (11). If v = (m + 1 — 1) /2 — j, then

> A P
o (1 +p1)€2’

—¢1,1Quv + AP,
—c11Qy—k + AP,k

H)RM\ RG] = > A"
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Next, we have

15[ lc1161,2] ﬁ |c1,101,2]/ A Y
Lj+1) (Lj+1) 1Lji+1) 5(1,j+1) k2
j=1 ‘R2m+11 2]+1R2m+11 HRll 2]+1R —2f ’ 1%l

Moreover, according to Lemma the inequality \Rg,l) | > 11 holds.
Let n be arbitrary natural number. By induction on g we prove that the following inequali-
ties are valid

1)) > T
IR >T]vi, 9=2N. (19)
=1
For g = 2 we can write the tail R,(f'” in the form
c c
R = R{M 4 2(11’1)*“'* 72(1%:1{’9'1)’1'52'1)' n=l
|Rn71 |RO
where for ¥ = 2 and
¢, 1 /RUTIDRUL) JRU-VDRE-1D) ¢ 1 /RUIDRO1D)
h,(f’l): + rl 1 n—1 ’+ r1/ Ry 1’1 n—2 ‘—I—...~|— 1/ 7 0 | (20)

From [2, Lemma 2] it follows: if elements of the reversed fractions h,(f'”, n > 1, satisfy the
condition |a,| < |a| < 1/4, then the inequality |h,(12’1)| > 15 holds. From this we have

€2,1 2] . . (2,1)
: < — Thus the inequality \h ] > 1, is valid. Moreover, |R;”| > vqvs.
RSI ’1)R1(11;11) r1 4
By induction hypothesis the inequalities (19) hold for g = s, where 3 < s < N —1. We
write R,(ﬂ’l) for g = s + 1 as follows

REFLD _ plsh) Cs+1,1 cs+11| RE (L)

= et ——=== >1
n n 50) S R e
|Rn71 |RO
where h,(fﬂ’l) is reversed continued fraction, that is defined by the formula (20). Its elements
c
satisfy the conditions (s,ijll(ls,l) < T . r < 7= 1/2 Thus, we have ]h (+11) ] > Vst1,
Ry, Rn—l j=1"]
moreover, the following relations hold
s+1
‘RS,SH’D) _ )Ri(qs,l)) ‘hgls+1,1)‘ > ij.
j=1
To prove the inequality (18) we have to estimate the following relations
kj ) [k;/2] ) [k;/2]
c c c
H |],1| :M] H |],1| H |]1| j:2,N,
LRV, R T IRy Pl 1 IR SR
r=1 l; +2m ri—r r= I +2m 2r+17M4+2m—2r r=1 Li=2r+17;—2r
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where k; is defined by the formula (11). Since for the arbitrary natural n

—1,1 i—1,
TN 1 AL el O VA W
‘R,(fljll)R(jllly ‘h’g]zl)h(]rli‘ 1/]‘2 (1—|—d]>2 p]’ J 7 =Ny
n— n—

thenforn >1landm > 1

(1]

(2]

(3]

(4]

(5]

(6]
(7]

n+1 ) R
Fuvon = Fa < 32 /20 < L ( . ) (Pt
k1=0 N4+n—1 pl/P—\/p_l

Finally, we obtain the truncation error bounds (18) for m — co. O
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Osnaueno (2,1, ..., 1)-nepi0AI/1qHI/H71 TIAASICTVVE AQHITIOTOBMIA APib crleniaABHOTO BUTASIAY. AoBe-
A€HO O03HaKM 361KHOCTI 2-[IepiOAMYHOTrO HelepepBHOro aApoby 1a (2,1,. .., 1)-nepioanusoro apoby
TiAASICTOTO AQHITFOTOBOTO APOOY CIIeIliaAbHOTO BUTASIAY. BCcTaHOBAEHO OLIIHKY IITBYAKOCTI 361>KHOCTI
LILOTO ApOOY IIpY AOAATKOBIMX YMOBAX.

Kntouosi cnoea i ppasi: mepioAVUHI TiAASICTi AQHITFOTOBI APOOM CIIElTiaABHOTO BUTASIAY, 30iKHICTb.



