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HOMOMORPHISMS AND FUNCTIONAL CALCULUS IN ALGEBRAS OF ENTIRE
FUNCTIONS ON BANACH SPACES

In the paper the homomorphisms of algebras of entire functions on Banach spaces to a commu-
tative Banach algebra are studied. In particular, it is proposed a method of constructing of homo-
morphisms vanishing on homogeneous polynomials of degree less or equal than a fixed number
.
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1 INTRODUCTION AND PRELIMINARIES

In 1951 R. Arens [1] found a way of extending the product of Banach algebra A to its bidual
A" in such a way that this bidual became itself a Banach algebra. There are two canonical ways
to extend the product from A to A” which called the Arens products. We recall definitions [2].

Let A be a commutative Banach algebra, X be a Banach space over the field of complex
numbers C.

If x € X and A € X’ then we write (A, x) = A(x). Forevery a,b € A,A € A’ and ® € A"
definea.A € A, Aa e A,A.® € A’ and ®.A € A by:

a.A:bw— (A ba),Aa:bw— (A ab),
AD:b— (O,bA),DA:b— (D,AD);

and then define two products (J and ¢ on A” by:
(@Y, A) = (D, ¥.A), (POY,A) = (¥,1.9) (P, ¥ € A”).

Then (A”,0) and (A”,{) are Banach algebras. We say that A is Arens reqular if for all
D, ¥ € A” we have DY = ®OVY.

For a given complex Banach space X, P("X) denotes the Banach space of all continuous n-
homogeneous complex-valued polynomials on X. The problem of extending every element of
P("X) to a continuous n-homogeneous polynomial P on the bidual X of X was first studied
by Aron and Berner in 1978, who showed that such extensions always exist.

Let B : X x ... x X — C be the symmetric n-linear mapping associated to P. B can be
extended to an n-linear mapping B : X x ...x X" — C. Let(zy,...,2z,) € X" x ...x X".
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For a net (x,,) from X which converges to z; in the weak-star topology of X" for each fixed
k,1 <k <n, weput

B(z1,...,zp) = lim...im B(xg,, ..., Xa, ).
o Ky

Then the Aron-Berner extension P on X" to X is defined as

P(z) = B(z,...,z),
where B is a unique continuous n-linear symmetric form for which P(x) = B(x, ..., x) for each
x e X.

Consider the complete projective tensor product A ®, X. Every element of A ®, X can be
represented by the form a = ), ay ® xx, where a, € A, x; € X. Foreverya € A ®; X and
f € Hy(X) (algebra of entire analytic functions of bounded type on a Banach space X) let us
define f(@) in the means of functional calculus for analytic functions on a Banach spaces ([5]).
Then f is the Aron-Berner extension of f.

In [6] using the Aron-Berner extension and approach developed in [4] it was obtained a
method to construct nontrivial complex homomorphisms of Hy(X) vanishing on homoge-
neous polynomials of degree less or equal that a fixed number n. In this paper we extend
this result for Banach algebra valued homomorphism.

2 MAIN RESULTS

Recall that X is a left A-module (X is a left module over A), if exists a bilinear map A x X — X,
(a,x) — a-xsuchthat (a1 -ay)-x =ay - (ap - x), whereay,a; € A, x € X. Itis easy to prove that
A @7 X is a left A-module. So, using Theorem 2 ([3], p.297) we can easy obtain the following
proposition.

Proposition 1. (A ®, X)" is a left A”-module.

In [7] it is proved a theorem about a homomorphism of algebras Hj(X) and
Hy((A®7x X"),A) in the case when A is some finite dimensional algebra with identity. The
following theorem extends this result for the case of an infinite dimensional algebra A.

Proposition 2. Let A be the Arens regular Banach algebra. For every f € Hy(X) there exists a

function f € Hy((A®5 X)", A”) such that f(e® x) = ef(x),x € X and the mapping F : f + f
is a homomorphism between algebras Hy(X) and Hy((A @, X)", A").

The proof it easy follows from the fact that both the Aron-Berner extension and functional
calculus are topological homomorphisms ([4], [5]).

Example 1. Let us show that in the case if A is not Arens regular, then the map F is not neces-
sary a homomorphism. Let A = (1, X = C?. We need to prof that

F: Hy(C?) — Hy((4y @ C*»",¢}) the are f,g € H,(C?) such that F(fg) # F(f)F(g).

For each t = (t;,t5) € C? put f(t) = t,¢(t) = t» and apply the extension operator
C? 5t ~» x € {1 x {1 and the Aron-Berner extension {1 x {1 3 x ~ u = (u1,12) € foo X Lo
Then

f(x) =x1 €0, g(x)=x€4, f(x)g(x) = X1 * Xp,
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where ” x ” is the convolution product in /1. Suppose that

?(u) =upel!, Qu)=uyectf.

Then we have f(u)g(u) = u10uy and 3 (1) f (1) = uyQuo = uqgDuy.

Since u1Quy # wi10uy in the general case so, we can conclude that F is not a homomor-
phism.

On the other hand, fg(t) = t; -t = P(t) — homogeneous polynomial of second degree
vector variable t. It is known that P(t) = B(t, t) is bilinear form which is uniquely determined
by the polarization formula:

B(t,t) — @
Then = X1 % Xp + Xp * X1
B(x,x) = > ,
and we have
F(y) — wOup +urQua upluy + upQuy
(u) = = :
~ ~ : _ 2 2
So, B(u,u) = P(u) = fg(t) # f(t)3(t).

Next, we consider the case when A is a reflexive Banach algebra. Let us denote by P ("X)
the Banach space of all continuous n-homogeneous complex-valued polynomials on X.
P¢("X) denotes the subspace of n-homogeneous polynomials of finite type, that is, the sub-
space generated by finite sum of finite products of linear continuous functionals. The closure
of Pf("X) in the topology of uniform convergence on bounded sets is called the space of ap-
proximable polynomials and denoted by P.("X).

Let us denote by A, (X) the closure of the algebra, generated by polynomials from P(S"X)
with respect to the uniform topology on bounded subsets of X. It is clear that
A(X)NP("X) = P("X).

Let us denote by L(Hy(X), A) the space of all continuous n-linear operators on H,(X) to A
and let M4 (Hy(X)) be the set of all homomorphisms on Hj(X) to A.

In [4] introduced a concept of radius function R(¢) of a given linear functional ¢ € Hj(X)’
as the infimum of all numbers » > 0 such that ¢ is bounded with respect to the norm of
uniform convergence on the ball B and proved that

R(g) = limsup [|gn /",

n—oo
where ¢, is the restriction of ¢ to P("X). In [7] extended this definition to a homomorphism
P € My(Hyp(X)), that is, R(®) is the infimum of all numbers r > 0 such that ® is bounded
with respect to the norm of uniform convergence on the ball B and proved that
R(®) = limsup || ®,[*/", (1)

n—o0

where ®,, is the restriction of ® to space n-homogeneous polynomials.

Theorem 1. Suppose that ®, € L(P("X), A) forn € Z., and suppose that the norms of ®,
on P ("X) satisfy

[P} < s
forc,s > 0. Then there is a unique ® € L(H,(X), A) whose restriction to P("X) coincides
with ®,, foreveryn € Z, .
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Proof. For any character 6 € M(A), ||6|| = 1 we construct operator ®, : P("X) — A. Then 6 o
®, € (P("X)) and ||0 0 @, || < ||®y||. Since || P, || < cs”, then every 0 satisfies the inequality
|6 0 @y || < cs”. From [4, Proposition 2.4] it follows that for every 6 there exists linear functional
¢ : Hy(X) — C,¢ € Hy(X)', such that ¢, = 6 o ®,,. Therefore, we have operator T : A" —
Hy(X)',0 — ¢ and T* is the adjoint operator to T:

T* : Hy(X)" — A" = A.

Let us consider the restriction of T* on Hy(X) C Hy(X)"” and denoted it by ®. Clearly
® : H,(X) — Ais arequired operator.

In order to prove that the restriction ® to P("X) coincides with @, itis enough to show that
®,(P) = ®(P) for every P € P("X). Put ®,(P) = a1, 0(a;) = ¢ € C, thatis
(0o ®,)(P) = @u(P) = c1. On the other hand, ®(P) = ay, thatis (6 o ®)(P) = ¢(P) = c».
Since ¢, is restriction of ¢, ¢(P) = c2 = ¢u(P) = ¢1, = ¢1 = 2 = c. So, the equality
(0o ®)(P) = (0 0o Dy)(P) = c for every 0 implies that O, (P) = O(P). O

In the work [6] it was formulated and proved the Lemma 1 on extension of the linear func-
tional ¢ € Hj,(X)' to character ¢ € M,,. The following theorem is a generalization of the known
lemma and is related to the study of extension of linear operator to the homomorphism.

Theorem 2. Let ® € L(H,(A ®, X),A) be a linear operator such that ®(P) = 0 for every
PeP"MA®xX),A)NA,_1(A®zX), where m is a fixed positive integer and ®,, be the
nonzero restriction of ® to P(" (A @ X)).

Then there is a homomorphism ¥ € M (H,(A ®x X)) such that its restrictions ¥y to
P(*(A @, X)) satisfy the conditions: ¥y = 0 for allk < m and ¥,, = ®,,. Moreover, the radius
functions of Y is calculated by the formula

[/ < R(E) < el| byl

Proof. For every polynomial P € P("™(A ®, X)) we denote by P, the polynomial from
P (@ (A @ X)) such that P, (@) = P(a).
Since ®,, # 0, there is an element w € (A ®s,7 X)”, w # 0 such that for any m-homogene-
ous polynomial P,
N ®(P) = Pu(P) = Py (w),  [lw]| = [|Pnl],
where P, is the Aron-Berner extension of linear functional P, from ®; (A ®» X) to
@ (A ®z X)". For an arbitrary n-homogeneous polynomial Q € P("(A @5 X)) we set

_ Q(m)(w) if n = mk for some k > 0,
Q)= { 0 otherwise, (2)

where Q(m) is the Aron-Berner extension of the k-homogeneous polynomial Q,,) from
R (A®r X) to @ (A®x X)".

Let (u4) be a net from ®}" (A ®7 X) which converges to w in the weak-star topology of
(A ®x X)", where a belongs to an index set 2. We can assume that every 1, has a repre-
sentation uy = Y jen(4j4 @n xj,,,c)@m =YjeN p%“m forsome a4, € A, xj, € X.

Now we will show that ¥(PQ) = ¥ (P)¥(Q) for any homogeneous polynomials P and Q.

1) Let us suppose first that deg(PQ) = mr + I for some integers r > 0 and m > [ > 0. Then
P or Q has degree equal to mk + s,k > 0, m > s > 0. Thus, by the definition ¥(PQ) = 0 and
¥Y(P)¥(Q) =0.
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2) Suppose now that for some integer r > 0 deg(PQ) = mr. If deg P = mk and deg Q = mn
for k,n > 0, then deg(PQ) = m(k + n) and

¥(PQ) = (PQ) (1) (w) = Py (w) Q) (w) = ¥(P)¥(Q).
3)Let at lastdeg P = mk +land degQ = mn +r,1,r > 0,1 +r = m. Write

1 1
" (degP +degQ)!  (m(k+n+1)

Denote by Fpg the symmetric multilinear map, associated with PQ. Then

Fpg <51, o -/ﬁm(k+n+1))
=v ). B <ﬁa(1)z . -/ﬁa(mk+z)) Fo <Ea(mk+l+1)f . -/ﬁa(m(k+n+1))> ,

Uegm(k+n+l)

where &,,(;4,41) is the group of permutations on {1,...,m(k +n + 1)}. Thus, for
X1, ..., &inr1 € A we have

P(PQ) = (PQ) (1) (w) = lim Fpg,,, (Hays- - tag i)

X1yee @k tn+1

= lim FPQ <ZP§ZT ZP]“H"H)
jEN

X1yt n41

=v Z lim

Ko (1)r- X (k 1
UEGm(k+n+l) o) olktn+1)

—m —l
) Z FP( ]0(1) ()""’a]'a(m Xy (k) ]U(k+1) a(k+1))
]1r---r]k+n+1€]N

—=m —=m
x Fq (@ ( Jor(k+1) a(k+1)'aja(k+2)'“a(k+2)' o "a]'a(k+n+1)/%(k+n+1>) )

Fix some 0 € &, (x4.,41) and fix all @iy (i fori < kand fori > k + 1. Then

11 ( ] (1 ) (1),. n ] (k> o(k )’ 5 (k 1) (k 1))
Z o o o(k)r o(k+1)%c(k+
jl,...,jk n 1EN o(k+1)

—=m —=m _
e < Jo(k+1) e (k1) ajv(k+2)f”‘a(n+2)' B afa(k+n+1)r%(k+n+1)) =0,

because for a fixed ay, (i) i<k,

e am amn
Pry):= ) Fr <af«r<1>'%<1>"' oty ,y)
]1/---/]k/]k+2/---/]k+n+16N

is an /-homogeneous polynomial and for fixed 7 Ak i)t ,Ji>k+1,

R —=m
Qo(y) := Z FQ<y " Lotkr2)o(nr2)’ 'ajrr(k+n+l)r‘xrf(k+n+l)>

Jureeskrks 2 dkrn+1€N

is an r-homogeneous polynomial. Thus, P,Qy € Ay;—1(A ®, X). Hence,

for every fixed o. Therefore, ¥(PQ) = 0. On the other hand, ¥(P)¥(Q) = 0 by the definition
of ¥. So, ¥(PQ) = ¥(P)¥(Q).
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Thus, we have defined the multiplicative operator ¥ on homogeneous polynomials. We can
extend it by linearity and distributivity to a homomorphism on the algebra of all continuous
polynomials P(A ®, X).

If ¥, is the restriction of ¥ to P("(A ®x X)), then ||¥,|| = ||w|"/™ if n/m is a positive
integer and ||'¥,,|| = 0 otherwise. Hence, the series

Y=Y Y.
nelN
is a continuous homomorphism on Hy(A ® X) by Theorem 1 and the radius function of ¥

can be computed by R(Y) = 11msup||‘I’ |V > limsup ||w||”/™ = ||w||V/™ = ||®]|™. On
%
the other hand, [|'¥y || = supp| 1|‘I’ (P)| = suppj =1 |Pm) (w)]. Since
[Ply (@) < e[|/ ™[| Py || < (i, A @7 X) |w]|"/™[| P,
we have
n/m n" n/m n" n/m

M e R

So R(¥) < e||®@||'/™. The theorem is proved. O
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IMpwimax I'.M. Tomomopismu i pyHKyioHarbHe uucIeHHS 6 aneebpax yinux pyHKyil Ha 6aHAX08UX 1po-
cmopax // Kapmarcbki MaTem. my6a. — 2015. — T.7, Nel. — C. 108-113.

AocaiaxeHo romomMopdizmMi aaTebpy HiaMx OYHKIIIN 06MeXKeHOTO THITy Ha 6aHaXOBIMX IIPOCTO-
pax B KOMyTaTMBHY 6aHaxoBy aATe6py. 30Kpema, 3alpOIOHOBAaHO METOA IO6YAOBM rOMOMOpPi-
3MiB, sKi € HyAeM Ha OAHOPiAHIMX ITOAIHOMAX CTeIleHs, IO He IepeBuINye Aesike dpikcoBaHe UicAO
.

Kntouosi cnosa i ¢ppasu: IlpoprosxeHHs: ApoHa-DepHepa, dyHKIIIOHaABHE UMCAEHHSI, aArebpu
aHaAITMUHMX (PYHKIII B 6aHAXOBMX MPOCTOpax.



