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SOME PROPERTIES OF BRANCHED CONTINUED FRACTIONS OF SPECIAL FORM

The fact that the values of the approximates of the positive definite branched continued fraction
of special form are all in a certain circle is established for the certain conditions. The uniform con-
vergence of branched continued fraction of special form, which is a particular case of the mentioned
fraction, in the some limited parabolic region is investigated.
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INTRODUCTION

Several works are devoted to the establishment of different properties of branched contin-
ued fractions (BCF) of special form. For example, [1] is dedicated to the investigation of BCF
with real positive and complex elements, [4] — to 1-periodic BCF of special form, [2] — to
functional BCF with nonequivalent variables and BCF of special form with complex variables,
[6] — to positive definite BCF of special form.

In this paper, using a representation of the approximants of BCF of special form (defined
in [6]) through composition one- and two-dimensional fractional-linear maps, we have estab-
lished that under certain conditions the values of the approximants of the positive definite
BCF of special form
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where a,5, v > 0,5 >0, r #1,r+5 > 2,b,5, v > 0,5 > 0,7 + 5 > 1, are complex numbers, z;s,
r>0,5s > 0,r+s > 1, are complex variables, are in a certain circle. Moreover, we investigated
the converges uniformly of the BCF which is a particular case of the positive definite BCF of
special form in the some limited parabolic domain.

1 PROPERTIES OF BCF OF SPECIAL FORM

We show that under certain conditions the values of the approximants of the positive defi-
nite BCF of special form (1) are in a certain circle. For this we prove the following lemma.
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Lemma 1. Let

a7 6 1 0551
tr,sfl(errl,sfl) = br,sfl + Zys—1— - ’ t()s(wls/ wO,s+1) = b()s + zps — - ’
Wyr41,5—1 Wis  Wo,s+1

wherer > 1, s > 1, and let

yor = Imzg; > 0,y1s =Imzis > 0,y,s =Imz,s >0, r>0,5s>0,7r#1Lr+s52>2,
51’S:Imb1’5201 0<g:s<1Lr>0,s>20,r+s=>1, (2)
a2 = (Imays)® < BrsBrisy1s—6,0(1 = &ris,0-15-6,0)8rss T >0,8>0,r£1,r+s>2,

Imw,_s 115460 = Br—s,o+1,5+6,08r—6,0+1,5+6,, Wherer >0, s >0, r+s > 1, then

where 6, is the Kronecker’s delta. If Imwisiq > B1s+181s+1,

Im trs(wr-i-l,s) > ,Brsgrs + Yrs, ¥ >1,5>0, (3)

Im tOs(wls/ wO,s—i—l) > ,BOngS + Yos, S > 1. (4)

Proof. The validity of the inequalities (3) follows from [5, Lemma 171]. We show that the
inequalities (4) are valid. It is obvious that for arbitrary s, s > 1, provided that $15915s + y1s > 0
the image of half-plane Im w15 > B1s¢1s + y1s under the transformation t = w~! is the circle

1 i 1
- 4 < .
W1s 2(,315815 + yls) 2(,315815 + yls)

Hence Im (1/w15) < 0. Letall yos > 0. By the lemma for arbitrary s, s > 1, we have

2

Bos (1 — gos) 00,541
Imw > > . .
Ol = ‘BO'SJrlgO'SJrl ﬁOs(l - gOs) + Yos o ﬁOs(l - gOS) + Yos
Therefore,
Wosi1 + ia%,s+1 > |a%,s+1|
o 2(Bos(1 — gos) +Yos) | — 2(Bos(1 — gos) + Yos)
or
Wo,5+1 i 1
AT 4 > : 5)
ﬂ(z),sH 2(Bos(1 — gos) + Yos) 2(Bos (1 — gos) + Yos)
The image of (5) under the transformation w = 1/z is the half-plane
a5 s 41
Im miihu R < ﬁOs(l - gOs) + Yos-
wo,s+1
Next, for arbitrary s, s > 1, we have
1 a% s+1 a% s+1
Im tOs(wlsz w0,5+1) = ﬁOs + Yos — Im — —Im — > ,305 + Yos — Im — > ﬁOngS-
W1s wo,s+1 wo,s+1
2
Going to the limit in the last inequality for ygs — 0, we obtain Bgs — Im —25tL > B o0 . Thus,

Wo,s+1

2
Im tos (w1s, Wo,e11) = Bos + Yos — Im -~ — Im Tos41 > Bosgos + Yos, which had to be proved. O

Wis Wo,s+1 —
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Since the images of half-planes Im w19 > B10g10 + Y10 and Im wgy; > Bo1go1 + Yo1 under the
transformation t = ty(w) = 1/w is respectively circles (nested or coincide)

1 1
t+ < , |t <
2(B10810 + ¥10) | ~ 2(B10&10 + Y10) 2(Bo1gor + yo1) | ~ 2(Bo1&o1 + Yo1)
for B10g10 + Y10 > 0, Bo18o1 + Yo1 > 0, then the image of transformation
1 1
t = to(wio, wor1) = — + —
w10 Wol

is the circle

i(B10810 + Y10 + Porgo1 + Yor) B10810 + Y10 + Po1go1 + Yo

2(B10g10 + ¥10) (Borgo1 + Yo1) | — 2(B1og10 + ¥10) (Borgor + yo1)”

which we denote by Ky(z), where z = (210, 201, 220, 211, Z02, - - -) is infinite-dimensional vector.
For arbitrary n, n > 1, we define K,,(z) as the map of the region

t+

Imwiy, = B1ug1n, IMW,_s,11546,0 = Br—s.g+1,546,08r—b,0+1,5+6,07

wherer > 0, s > 0, ¥ + s = n, under the transformation

1 a2
Tﬂ(wn+1 0, Wnls---, W0 n—i—l) = Qg + 02
7 7 0 j— _
bor + zo1 — @V — bop + zgp — P 2
2 2 2
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2 2 2 2
ok _ 1 A% a3 By kk Tkt k << ,
kT3 5 5 SR , <k<n-1.
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Applying lemma 1 and taking into account (3) and (4), we have
Ko(z) 2 Ki(z) 2 Ky(2z) 2 ... (6)

Since (see [3, pp. 15-16]) Ty (00,00, ..., ) = f,(z), where f,(z) is the nth approximant of the

n+2
BCF (1), then f,,(z) € K,(z), n > 1. Hence we prove the following theorem.

Theorem 1. If the conditions (2) holds, where
Brs 20, P1sg1s+y1s >0, Pmgo +yo >0, ys >0, r>0,5>0,r+s>1,
then the approximants f,,(z), n > 1, of the BCF (1) satisfy the inequalities

B1og10 + Y10 + Poigo1 + You
mfuz) <0, |falz)l < (B10&10 +y10) (Borgo1 + yo1)’ n=l
In [6] the notion of the nth denominator B, (z) of the approximant f,(z), n > 1, of BCF (1)
is given. By arguments similar to the proof of the [3, Theorem 4.8], we can show that following
theorem holds.

Theorem 2. If the conditions (2) holds, where
Brsgrs >0, r>0,5>0,r+s>1,

then the denominators B, (z), n > 1, of the BCF (1) are different from zero for
Imz,s >0, r>0,5s>0,r+s>1.
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2 POSITIVE DEFINITE BCF OF SPECIAL FORM AND THE PARABOLA THEOREM

Putting z,s = 0,b,s =i, >0, s > 0, r +s > 1, in BCF (1), we obtain

X 1 A 1
q)0+ s az P q)p = Taz, p ZO (7)
i—d - ) & i-[)-
szzl_CDS r_]:)z 1

Using the equivalent transformation [5, pp. 19-20], we put pg =i, s =i,7 >0, s >0, r +5 >
1, and BCF (7) reduce to

- —i . 1
—l®0+ 0 a% 7 ®p: 00 [}[2 7 PZO (8)
1+&; + < 1 e
v Dis; D7

Next, putting pg = 1/(1 + ®1), pos = 1/(1 + P;11), s > 1, we reduce the fraction (8) to the
fraction with partial denominators equal to unity
—i

1+ &

—idg + 5 . )
a
0s
2 (1+ D 1) (1 + Dy)
1+1)
5=2 1
Let 1
|a%| — Rea?, < 5 la2| <M, M>0, r>0,5s>0,r#1,r+s>2. (10)

Then according to [5, Theorem 18.1] the continued fraction d,,s >0, converges uniformly and
according to [5, Theorem 14.3] the value of these fractions and of its approximants are in the
domain |z — 1] <1,z # 0.

We take an arbitrary s, s > 1. The fraction 1/ (1 + ®;) we write in the form w = 1/(1 + z).
Hencez = (1 —w)/w. Since |z — 1| <1,z # 0, then

1—
‘TW—l‘gl,w;él or |1-2w|<|w|, w#l.

Let w = x 4 iy. Then
I1—2x —2y| < |x+iy|, (1—-2x)2+4y> <x®>+1y? 3x>—4x+1+3y><0,
2\% , 1 2| 1
— = < = —= < =
(et b3
Thus, the value of the fractions 1/ (1 + 0 s),s > 1,and of its approximants are in the domain
lw—2/3| <1/3, w#1.
We put 1/(1 + ®;) = rse'%s, s > 1. Since the line y = kx touches to the circle 3x> — 4x + 1 +

3y2 =0fork = +1/+/3,then —71/6 < ps <m/6,5 > 1.
The following inequalities are valid for all s > 2

~ 1 _ < oS> Ps—1 + QDS’
(1+D;_1)(1+Ds) 2

SN

7T
_g < @Ps—1,Ps < (11)



76 DMYTRYSHYN R.I.

Indeed, let x = r cos ¢, y = rsin ¢. Then the circle equation 3x*> — 4x + 1 + 3y? = 0 in polar
coordinates we write in the form 3r> — 4rcos ¢ +1 = 0 or

. 2cos @+ \/4cos?p —3
- 2 ,

The inequalities (11) are equivalent to the inequalities

S
INA
_e
IA

=

2cos s 1+ \/34 cos? ps_1—32cos @s + 34 cos? s — 3 < cos? gos_lz—i— 9s (12)

where —71/6 < @;_1, s < 1T/6,5 > 2.
To prove inequalities (12) is sufficient to show the validity of following inequalities

2008 @51+ \/4cos? g;_1 —32c0s @5 + /4 cos? gs — 3
3 3

where —71/6 < @51, ¢s < 71/6,5 > 2.
Since y/4cos? ¢ —3 < cos ¢ for —71/6 < ¢ < 71/6, then, estimating the top left side of the
inequality (13), forany —7t/6 < ¢s_1, s < /6,5 > 2, we have

COS 51 COS Ps < COS> %%—{—% or cos(ps_1—¢s) <1

2 Ps—1 + Ps (13)

< cos
- 2

That is, the inequalities (13) holds.
Applying relations (10) and (11), for any s > 2 we have

2 2 o= i(@s-1+9s)
_ s | Re0s S Nl ek LR s
1+ ®, 1)(1+ ) 1+ 1)1+ ) 2 2 6 6
aZ
0s
- - <M, M>O0.
(1+D;_1)(1+ Ds)

According to [7, Theorem 4.40] the continued fraction

—i

1+ P,
ags
X (L+ D) (1+ D)
1+
D T

converges uniformly. Hence, the fraction (9) converges uniformly too. From equivalence frac-
tions (7) and (9) we conclude that BCF (7) converges uniformly, if the conditions (10) holds.
Hence, we have, if we change the notation, the following theorem holds.

Theorem 3. BCF

q)0+ 100 7 q)p: 30 7 pZOr
a0s rp
14+ P+ 1+ -
! BH@S ]::)2 1

converges uniformly for all a,s in the domain
Py={z€C: |z]| —Rez<1/2, |[z]| < M}

for every constant M > 0.
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BcraBOBAEHO, ITI0 3a IIEBHIMX YMOB 3HaUeHHSI ITiAXiAHVIX ApO6iB AOAATHO BI3HAUEHOTO TiAASICTOTO
AQHITIOTOBOTO APOGY CIIeIiaAbHOTO BUI'ASIAY HaAeXaTb AeSKOMY KPYTy Ta AOCAiAXeHO piBHOMipHY
361XHICTb T{AASICTOTO AQHITIOTOBOTO APO6Y CITeliaAbHOTO BUTASIAY, SIKMI € YaCTMHHUM BUITAAKOM
TaKOTo ApOOY, B AesIKill 06MeXeHilt mapaboAiuHilt 06AaCTi.

Kntouosi cnosa i ¢ppasu: TIAASICTVV AQHITFOTOBIIM Api6 CIIEITiaAbHOTO BUTASIAY.



