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MULTIPOINT NONLOCAL PROBLEM FOR FACTORIZED EQUATION WITH
DEPENDENT COEFFICIENTS IN CONDITIONS

The conditions of correct solvability of multipoint nonlocal problem for factorized PDE with
coefficients in conditions, which depend on one real parameter, are established. It is shown that
these conditions on the set of full Lebesgue measure of the interval parameters are fulfilled.
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Let TP denote the p-dimensional torus (R/27nZ)P, T >0, Q; = (0,T) x TP,
A= (A, ) € €2 A # Ay ifi # ), Dy = (—id/0xy,...,—id/0xp),
k= (ki,...,kp) € Z, |k| = |ki| + ...+ |kp|; B(Dx) is differential expression such that

INL,N; €R, C,C>0:  (VkeZP) Ci(1+ k)M < [B(K)| < C(1+ k)N, (1)

We use the following functional spaces: H; = H;(T?), g € R, is Sobolev space obtained by
completing the space of all finite trigonometric polynomials

=) grexp(ik, x)
I

by the norm

1/2
lo; Hyl| = (Z (1+\k!2)q!¢k!2> :

kezv
Let us denote by Cj ([0, T|; Hq), neZy,0 € R, space of functions
= Y u(t)exp(ik, x)
kezp
such that for any fixed point t € [0, T] function
du(t,x)/of = ) u (t) exp(ik, x)
kezp

belong to the space H, 4,j=0,1,...,n, and it, as an element of this space, is continuous in ¢
on [0, T]; the norm in Cj ([0, T]; Hy) is defined as follows

lu; € ([0, T]; Hy ) |2 = 2 max [9u(t,x)/at'; H

q— j9||2'
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In the domain Q; we consider the following problem:

L(9/0t,Dy)u = ]Iﬁl <% — AjB (Dy )) u(t,x) =0, (tx)e€Ql, (2)
m a] 1
LM—ZW tJ(l ))t tr:q)j(x), xeTF, j=1,...,n, (3)

where (Aq,...,A,) € I, the real-valued coefficients y1, ..., un depend on parameters 7, T €
I, where [ is an arbitrary fixed segment of the line R, t1, ..., t;, are the points of the interval
0,T,and 0=t <tr < ... <ty 1 <ty=T.

Solvability of boundary value problems with multipoint nonlocal conditions for parabolic,
strictly hyperbolic, typeless and pseudodifferential equations studied in works [1-4, 6-10].

The problem (2), (3) belong to a class of incorrect problems by Hadamard and its solvabil-
ity related to the problem of small denominators. In the assumption when the coefficients
Ui,..., W are independent correct solvability of the problem (2), (3) follows from the results
of [10, §14]. If the coefficients 1, ..., i are dependent, then these results will not be used to
proving solvability of the problem (2), (3). It shoud be noted that two-point nonlocal problem
for partial differential equation of the n-th order with conditions (3) was investigated in [11]
for the case of two-point nonlocal conditions (m = 2).

In the paper we found that the conditions of correct solvability of the multipoint nonlo-
cal problem (2), (3) in the scale of Sobolev spaces are fulfilled for almost all (with respect to
Lebesgue measure in the space IR) numbers T € I.

The solution u to the problem (2), (3) has the form of a Fourier series

Z ug(t) exp(ik, x), 4)
kezp

where function uy(t), k € Z?, is a solution of multipoint nonlocal problem of ordinary differ-
ential equations:
L(d/dt, k)uk(t) =0, (5)

Ljuk(t) = (ij/ ] = 1,. .o N (6)

Here, @j are Fourier coefficients of the function ¢;(x), j =1,...,n.

For each fixed k € ZP let us construct a solution to problem (5), (6). Since the (A1,...,A,) €
IT, and coefficients B(k) satisfy the condition (1), the equation (5) for each k € ZP has the fun-
damental system of solutions {eM1B0)t, . eABK)!Y Then the general solution of the equation
(5) has the form

up(t) = crrexp(AMB(k)t) + ... + cyeexp(AnB(k)t),

where constants cyg, . .., ¢,;x are determined from conditions (6) with the help of the system of
linear equations

clk}\] Z 1r(T) exp(MB(k)t,) + CZkA] Z 1 (T) exp(A2B(k)ty)
| )
—I—an)t] Z 1 (T) exp(AnB(k)t,) = go]-kBl_](k), j=1,...,n
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Determinant of the system (7) is factorized and represented by the formula

Ae(r) = W) T ] ®u(0)
s=1

where

ZW exp(AsB(k)tr),

W(A) = TI (Aa — Ap) is Vandermonde determinant constructed from different numbers
1<a<B<n

A, ..., Ay, hense W(A) # 0.
n
If [T &g (t) # 0, then
s=1

n

Z S+]W Bl_j(k)q)jk, s=1,...,n.

CSk = W(

Here we denote by Wj;(A) the Vandermonde-type determinant obtained from the determinant
W(A) by crossing out j-row and s-column.

Thus, the solution to the problem (5), (6) under the condition ﬁ P (T) # 0is unique and
=1
has the following form )
n (—1)""Wjs(A) B (k)
W(A) Py ()

up(t) = @jkexp(AsB(k)t), keZP. (8)

s,j=1
Conditions for uniqueness of the solution u of the problem (2), (3) follows from the theorem

on uniqueness of Fourier expansion of a periodic function and from conditions of uniqueness
of the solution u(t) of the problem (5), (6) for each k € ZP.

Theorem 1. For uniqueness (at fixed parameter T) of the solution of the problem (2), (3) in the
space Cyj ([0, T]; Hy) it is necessary and sufficient that for all k € Z¥

D1 (T) Do (T) - -+ - Dy (T) # 0. )

If the condition (9) holds, then the formal solution of the problem (2), (3) is represented by
the formula
n o (—1)"HWs(A)B (k)
B VI B VNG

kEZP 5,j=1

pixexp (AsB(k)t + (ik, x)). (10

Expressions @14 (1), Pox (), . .., P (T) influence the convergence of the series (10), which
determines the norm of the solution of the problem (2), (3) in the space Cj([0,T]; H;). This
is explained by the fact that the denominators @4 (7), Pk (7), ..., Puk(T), k € ZP, although
non vanishing by the condition above, can arbitrarily rapidly approach to zero for infinite set
of vectors k € ZF. Therefore, the existence of the solution u of the problem related to the so
called problem of small denominators.

To solve this problem we use the metric approach [5] to estimations from below of small
denominators.

At first, we formulate the corresponding theorem from the work [12].



MULTIPOINT NONLOCAL PROBLEM FOR FACTORIZED EQUATION 25

Theorem 2. Let
F(t,z) = fi(T)z1+ .-+ fu(T)Zm,

wherez = (z1,...,2m) € C", and {f1,..., fu} C C"(I;R). If the Wronskian W(fi, ..., fu] of
the functions fi, . .., fm is not equal to zero on the interval I C R, then for allz € C" \ {0} and
an arbitrary ¢ € (0,Cy|z|/2), the following evaluation is valid

meas{t € I : |F(1,z)| <e} < C"1/e/]|z],

where |z| = |z1| + ...+ |zm|, positive constants C; and C; are defined by formulas

m tel

1 " -1
Clz_mln‘w[fll“'/ }(H”f]HC(W’ 1) I]R Z”f]” (m—1) IIR) 4
j=1

Cr=4(vV24+1)(m—1 )CT/(1 m)(measl max qu)HC(I;]R)+C1).

1<j,g<m

Theorem 3. If u, € C"(I),r = 1,...,m, and Wronskian W{j1, ..., um| of functions uy, ..., im
is not equal to zero on the interval I, then for almost all (with respect to Lebesgue measure in
the space R) numbers T € I evaluations

[P (T)| > k|~ max (1,exp(ReAsB(k)T)), s=1,...,n, (11)
are satisfied for all (except perhaps a finite number) vectors k € ZF fory > p(m —1).
Proof. For fixed s we introduce the sets
B ={tel:|®4(1)] <&}, keZ?,
and the set B°® of such points T € I, for which infinite times on Z7 the estimate is true

Cy k|77

| P (T)] < &k = max (1, exp(ReAsB(k)T)), &> 0.

If z(s, k) = (e)‘SB(k)tl,...,e)‘sB(k)tW), fi(t) = pj(t) for j = 1,...,m, then from Theorem 2
follow the equalities:

F(t,2(s,k)) = ®g(7), W(fi, .o fu] = Wlp, ..., im]-
Since
12(s, k)] = 1+ |eMBO| - 4 eABEb| 4 4 |ABRIT| > max (1, exp(ReAsB(K)T))

forall k € Z? \ {0} and the inequalities are fulfilled

0<ég< %max (1, exp(ReAsB(k)T)) < %\Z(S,k)\

then for each k # 0 by conditions of Theorem 2 we have the following estimation for the
measure B}

1/(m-1)
meas B} < Cp "/er/ |2(s, k)| < Calk| =7/ (m=1), C; = Cz(%) :



26 VASYLYSHYN P.B., SAVKA I.YA., KLYUS LS.

For selected 7 > p(m — 1) series ). meas B} is majorized by the convergent series
kezP\ {0}

Cz ¥ |k|7%/(P=1). Then from the Borel-Cantelli lemma follows that Lebesgue measure of
kezr
the set of points T from I, which contained into the infinite number of sets B}, is equal to zero

for fixed s. Thus, meas B = Q0 foralls=1,...,n.

Therefore, when v > p(m — 1) for almost all (with respect to Lebesgue measure in R) num-
bers T € I inequality |Dg(T)| > €, s = 1,...,n, is satisfied for all (except for a finite number
of) vectors k. The theorem is proved. O

Theorem 4. Let the condition (9) is valid, mi? (Wlnt, ..., um|(T)] >0, 4, € C™(I),r=1,...,m,
TE

and ¢; € Hy N, (14, Wherey > p(m—1),j=1,...,n. Then for almost all (with respect to
Lebesgue measure in the space R) numbers T € I there exists a unique solution of the problem
(2), (3) in the space C}, ([0, T]; H;), which is represented by a series (10) and continuously
depends on the functions @i, j=1,...,n

Proof. Taking into account, that

Wis(2)
W(A)

‘ < M, My = M;(A),

on the basis of formula (10) and estimations (1), (11) we obtain the inequality

n
|5 CR, ([0, T]; Hp) |2 < M2 Z% l9j Hgqmap
j=

where M, = 2N 733 (n 4+ 1)M2CH' AP, |A| = max |As|. The proof of the theorem is
<s<n

complete. 0
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BcraHOBAEHO YMOBYM KOPEKTHOI pO3B’SI3HOCTI HEAOKAABHOI 6araToTOUKOBOI 3aaaui AAsT pakTo-
PM30BaHOTO PiBHSIHHS 3 KoedillieHTaMI B yMOBaXx, IO 3aAeXaTh BiA OAHOTO AiliCHOTrO mapaMeTpa.
INoxasaHo, ITI0 1Ii yMOBYM BUKOHYIOThCSI Ha MHOXMHI ITOBHOI Mipu Aebera Biapiska mapamMeTpis.

Kntouosi croea i ppasu: AmdpepeHITiaAbHI PiBHSHHS, 6araTOTOUKOBa HEAOKAAbHA 3aAaYa, 3aAeXHi
KoedpillieHTH, MaAi 3HAMEHHMKM, AlodpaHTOBI HaOAVKEHHSI, METPUYHI OLIHKIL.



