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MULTIPOINT NONLOCAL PROBLEM FOR FACTORIZED EQUATION WITH

DEPENDENT COEFFICIENTS IN CONDITIONS

The conditions of correct solvability of multipoint nonlocal problem for factorized PDE with

coefficients in conditions, which depend on one real parameter, are established. It is shown that

these conditions on the set of full Lebesgue measure of the interval parameters are fulfilled.
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Let Tp denote the p-dimensional torus (R/2πZ)p , T > 0, QT
p = (0, T) × Tp,

Πn = {λ = (λ1, . . . , λn) ∈ Cn : λi 6= λj if i 6= j}, Dx = (−i∂/∂x1, . . . ,−i∂/∂xp),

k = (k1, . . . , kp) ∈ Zp, |k| = |k1|+ . . . + |kp|; B(Dx) is differential expression such that

∃ N1, N2 ∈ R, C1, C2 > 0 : (∀ k ∈ Z
p) C1(1 + |k|)N1 ≤ |B(k)| ≤ C2(1 + |k|)N2 . (1)

We use the following functional spaces: Hq = Hq(Tp), q ∈ R, is Sobolev space obtained by

completing the space of all finite trigonometric polynomials

ϕ(x) = ∑
k

ϕk exp(ik, x)

by the norm

‖ϕ; Hq‖ =

(

∑
k∈Zp

(

1 + |k|2
)q|ϕk|2

)1/2

.

Let us denote by Cn
θ ([0, T]; Hq), n ∈ Z+, θ ∈ R, space of functions

u(t, x) = ∑
k∈Zp

uk(t) exp(ik, x)

such that for any fixed point t ∈ [0, T] function

∂ju(t, x)/∂tj ≡ ∑
k∈Zp

u
(j)
k (t) exp(ik, x)

belong to the space Hq−jθ, j = 0, 1, . . . , n, and it, as an element of this space, is continuous in t

on [0, T]; the norm in Cn
θ ([0, T]; Hq) is defined as follows

‖u; Cn
θ ([0, T]; Hq)‖2 =

n

∑
j=0

max
t∈[0,T]

‖∂ju(t, x)/∂tj ; Hq−jθ‖2.
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In the domain QT
p we consider the following problem:

L(∂/∂t, Dx)u ≡
n

∏
j=1

(

∂

∂t
− λjB (Dx)

)

u(t, x) = 0, (t, x) ∈ QT
p , (2)

Lju ≡
m

∑
r=1

µr(τ)
∂j−1u(t, x)

∂tj−1

∣

∣

∣

t=tr

= ϕj(x), x ∈ T
p, j = 1, . . . , n, (3)

where (λ1, . . . , λn) ∈ Πn, the real-valued coefficients µ1, . . . , µm depend on parameters τ, τ ∈
I, where I is an arbitrary fixed segment of the line R, t1, . . . , tm are the points of the interval

[0, T], and 0 = t1 < t2 < . . . < tm−1 < tm = T.

Solvability of boundary value problems with multipoint nonlocal conditions for parabolic,

strictly hyperbolic, typeless and pseudodifferential equations studied in works [1–4, 6–10].

The problem (2), (3) belong to a class of incorrect problems by Hadamard and its solvabil-

ity related to the problem of small denominators. In the assumption when the coefficients

µ1, . . . , µm are independent correct solvability of the problem (2), (3) follows from the results

of [10, §14]. If the coefficients µ1, . . . , µm are dependent, then these results will not be used to

proving solvability of the problem (2), (3). It shoud be noted that two-point nonlocal problem

for partial differential equation of the n-th order with conditions (3) was investigated in [11]

for the case of two-point nonlocal conditions (m = 2).

In the paper we found that the conditions of correct solvability of the multipoint nonlo-

cal problem (2), (3) in the scale of Sobolev spaces are fulfilled for almost all (with respect to

Lebesgue measure in the space R) numbers τ ∈ I.

The solution u to the problem (2), (3) has the form of a Fourier series

u(t, x) = ∑
k∈Zp

uk(t) exp(ik, x), (4)

where function uk(t), k ∈ Zp, is a solution of multipoint nonlocal problem of ordinary differ-

ential equations:

L(d/dt, k)uk(t) = 0, (5)

Ljuk(t) = ϕjk, j = 1, . . . , n. (6)

Неre, ϕjk are Fourier coefficients of the function ϕj(x), j = 1, . . . , n.

For each fixed k ∈ Zp let us construct a solution to problem (5), (6). Since the (λ1, . . . , λn) ∈
Πn and coefficients B(k) satisfy the condition (1), the equation (5) for each k ∈ Zp has the fun-

damental system of solutions {eλ1B(k)t, . . . , eλnB(k)t}. Then the general solution of the equation

(5) has the form

uk(t) = c1k exp(λ1B(k)t) + . . . + cnk exp(λnB(k)t),

where constants c1k, . . . , cnk are determined from conditions (6) with the help of the system of

linear equations

c1kλ
j−1
1

m

∑
r=1

µr(τ) exp(λ1B(k)tr) + c2kλ
j−1
2

m

∑
r=1

µr(τ) exp(λ2B(k)tr)

+cnkλ
j−1
n

m

∑
r=1

µr(τ) exp(λnB(k)tr) = ϕjkB1−j(k), j = 1, . . . , n.

(7)
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Determinant of the system (7) is factorized and represented by the formula

∆k(τ) = W(λ)
n

∏
s=1

Φsk(τ),

where

Φsk(τ) =
m

∑
r=1

µr(τ) exp(λsB(k)tr),

W(λ) = ∏
1≤α<β≤n

(λα − λβ) is Vandermonde determinant constructed from different numbers

λ1, . . . , λn, hense W(λ) 6= 0.

If
n

∏
s=1

Φsk(τ) 6= 0, then

csk =
1

W(λ)Φsk(τ)

n

∑
j=1

(−1)s+jWjs(λ)B1−j(k)ϕjk , s = 1, . . . , n.

Here we denote by Wjs(λ) the Vandermonde-type determinant obtained from the determinant

W(λ) by crossing out j-row and s-column.

Thus, the solution to the problem (5), (6) under the condition
n

∏
s=1

Φsk(τ) 6= 0 is unique and

has the following form

uk(t) =
n

∑
s,j=1

(−1)s+jWjs(λ)B1−j(k)

W(λ)Φsk(τ)
ϕjk exp(λsB(k)t), k ∈ Z

p. (8)

Conditions for uniqueness of the solution u of the problem (2), (3) follows from the theorem

on uniqueness of Fourier expansion of a periodic function and from conditions of uniqueness

of the solution uk(t) of the problem (5), (6) for each k ∈ Zp.

Theorem 1. For uniqueness (at fixed parameter τ) of the solution of the problem (2), (3) in the

space Cn
θ ([0, T]; Hq) it is necessary and sufficient that for all k ∈ Zp

Φ1k(τ)Φ2k(τ) · . . . · Φnk(τ) 6= 0. (9)

If the condition (9) holds, then the formal solution of the problem (2), (3) is represented by

the formula

u(t, x) = ∑
k∈Zp

n

∑
s,j=1

(−1)s+jWjs(λ)B1−j(k)

W(λ)Φsk(τ)
ϕjk exp

(

λsB(k)t + (ik, x)
)

. (10)

Expressions Φ1k(τ), Φ2k(τ), . . . , Φnk(τ) influence the convergence of the series (10), which

determines the norm of the solution of the problem (2), (3) in the space Cn
θ ([0, T]; Hq). This

is explained by the fact that the denominators Φ1k(τ), Φ2k(τ), . . . , Φnk(τ), k ∈ Z
p, although

non vanishing by the condition above, can arbitrarily rapidly approach to zero for infinite set

of vectors k ∈ Zp. Therefore, the existence of the solution u of the problem related to the so

called problem of small denominators.

To solve this problem we use the metric approach [5] to estimations from below of small

denominators.

At first, we formulate the corresponding theorem from the work [12].
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Theorem 2. Let

F(τ, z) = f1(τ)z1 + . . . + fm(τ)zm,

where z = (z1, . . . , zm) ∈ Cm, and
{

f1, . . . , fm
}

⊂ Cm(I; R). If the Wronskian W[ f1 , . . . , fm] of

the functions f1, . . . , fm is not equal to zero on the interval I ⊂ R, then for all z ∈ Cm \ {0} and

an arbitrary ε ∈ (0, C1|z|/2), the following evaluation is valid

meas{τ ∈ I : |F(τ, z)| < ε} ≤ C2
m−1

√

ε/|z|,

where |z| = |z1|+ . . . + |zm|, positive constants C1 and C2 are defined by formulas

C1 =
1

m
min
τ∈I

∣

∣W
[

f1, . . . , fm
]

(τ)
∣

∣

( m

∏
j=1

‖ fj‖C(m−1)(I;R)

m

∑
j=1

‖ fj‖−1
C(m−1)(I;R)

)−1
,

C2 = 4(
√

2 + 1)(m − 1)C
m/(1−m)
1

(

meas I max
1≤j,q≤m

|| f (q)j ||C(I;R) + C1

)

.

Theorem 3. If µr ∈ Cm(I), r = 1, . . . , m, and Wronskian W[µ1, . . . , µm] of functions µ1, . . . , µm

is not equal to zero on the interval I, then for almost all (with respect to Lebesgue measure in

the space R) numbers τ ∈ I evaluations

|Φsk(τ)| ≥ |k|−γ max
(

1, exp(ReλsB(k)T)
)

, s = 1, . . . , n, (11)

are satisfied for all (except perhaps a finite number) vectors k ∈ Z
p for γ > p(m − 1).

Proof. For fixed s we introduce the sets

Bs
k =

{

τ ∈ I : |Φsk(τ)| < εk}, k ∈ Z
p,

and the set Bs of such points τ ∈ I, for which infinite times on Z
p the estimate is true

|Φsk(τ)| < εk =
C1|k|−γ

2
max

(

1, exp(ReλsB(k)T)
)

, δ > 0.

If z(s, k) =
(

eλsB(k)t1, . . . , eλsB(k)tm
)

, fj(τ) = µj(τ) for j = 1, . . . , m, then from Theorem 2

follow the equalities:

F(τ, z(s, k)) = Φsk(τ), W
[

f1, . . . , fm

]

= W
[

µ1, . . . , µm

]

.

Since

|z(s, k)| = 1 + |eλsB(k)t2|+ . . . + |eλsB(k)tm−1|++|eλsB(k)T| ≥ max
(

1, exp(ReλsB(k)T)
)

for all k ∈ Zp \ {0} and the inequalities are fulfilled

0 < εk <
C1

2
max

(

1, exp(ReλsB(k)T)
)

<
C1

2
|z(s, k)|

then for each k 6= 0 by conditions of Theorem 2 we have the following estimation for the

measure Bs
k

meas Bs
k ≤ C2

m−1

√

εk/|z(s, k)| ≤ C3|k|−γ/(m−1), C3 = C2

(

C1
2

)1/(m−1)
.
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For selected γ > p(m − 1) series ∑
k∈Zp\{0}

meas Bs
k is majorized by the convergent series

C3 ∑
k∈Zp

|k|−δ/(p−1). Then from the Borel–Cantelli lemma follows that Lebesgue measure of

the set of points τ from I, which contained into the infinite number of sets Bs
k, is equal to zero

for fixed s. Thus, meas Bs = 0 for all s = 1, . . . , n.

Therefore, when γ > p(m − 1) for almost all (with respect to Lebesgue measure in R) num-

bers τ ∈ I inequality |Φsk(τ)| ≥ εk, s = 1, . . . , n, is satisfied for all (except for a finite number

of) vectors k. The theorem is proved.

Theorem 4. Let the condition (9) is valid, min
τ∈I

|W[µ1, . . . , µm](τ)| > 0, µr ∈ Cm(I), r = 1, . . . , m,

and ϕj ∈ Hq+N1(1−j)+γ, where γ > p(m − 1), j = 1, . . . , n. Then for almost all (with respect to

Lebesgue measure in the space R) numbers τ ∈ I there exists a unique solution of the problem

(2), (3) in the space Cn
N2
([0, T]; Hq), which is represented by a series (10) and continuously

depends on the functions ϕj, j = 1, . . . , n.

Proof. Taking into account, that

∣

∣

∣

∣

Wjs(λ)

W(λ)

∣

∣

∣

∣

≤ M1, M1 = M1(λ),

on the basis of formula (10) and estimations (1), (11) we obtain the inequality

‖u; Cn
N2
([0, T]; Hq)‖2 ≤ M2

n

∑
j=1

‖ϕj; Hq+γ+N1(1−j)‖2,

where M2 = 2N2n+γn3(n + 1)M2
1C2n

2 |λ|2n , |λ| = max
1≤s≤n

|λs|. The proof of the theorem is

complete.

REFERENCES

[1] Gorodetskii V.V., Drin’ Ya.M. Nonlocal multipoint with respect to time problem for evolution pseudo-differential

equations in spaces of periodic functions. Bukovyna Math. J. 2014, 2 (1), 26–42. (in Ukrainian)

[2] Il’kiv V.S. Multipoint nonlocal boundary value problem for a system of nonhomogeneous partial differential equations

with time variable continuous coefficients. Math. Bull. Shevchenko Sci. Soc. 2004, 1, 47–58. (in Ukrainian)

[3] Il’kiv V.S. The smoothness of solutions of the problems with nonlocal multi-point conditions for strictly hyperbolic

equations. Carpathian Math. Publ. 2009, 1 (1), 47–58. (in Ukrainian)

[4] Il’kiv V.S. Time-Variable Extension of the Solution of a Nonlocal Multipoint Problem for Partial Differential Equations

with Constant Coefficients. J. Math. Sci. 2001, 107 (1), 3615–3619. doi:10.1023/A:1011954509838 (translation of

Mat. Metodi Fiz.-Mekh. Polya 1998, 41 (4), 78–82. (in Ukrainian))

[5] Il’kiv V.S., Ptashnyk B.I. Problems for partial differential equations with nonlocal conditions. Metric approach to

the problem of small denominators. Ukrainian Math. J. 2006, 58 (12), 1847-1875. doi:10.1007/s11253-006-0172-8

(translation of Ukrain. Mat. Zh. 2006, 58 (12), 1624–1650. (in Ukrainian))

[6] Il’kiv V.S., Maherovska T.V. Boundary-value problem with non-local multipoint conditions for hyperbolic equation.

Math. Methodi Fiz.-Mekh. Polya 2007, 50 (3), 66–81. (in Ukrainian)

[7] Il’kiv V.S., Maherovska T.V. Nonlocal multi-point problem for high order strong hyperbolic equation. Math. Bull.

Shevchenko Sci. Soc. 2007, 4, 107–115. (in Ukrainian)

[8] Martynyuk O.V. The multipoint problem for one class of differential-operational equations. Dopov. Nats. Akad.

Nauk Ukr. 2011, 10, 19–24. (in Ukrainian)



MULTIPOINT NONLOCAL PROBLEM FOR FACTORIZED EQUATION 27

[9] Martynyuk O.V., Gorodetskii V.V. Multipoint problem for a class of evolution equations. Differ. Equ. 2013, 49 (8),

975–985. doi:10.1134/S0012266113080065 (translation of Differ. Uravn. 2013, 49 (8), 1005–1015. (in Russian))

[10] Ptashnyk B.Yo., Il’kiv V.S., Kmit’ I.Ya., Polishchuk V.M. Nonlocal boundary value problems for partial dif-

ferential equations. Naukova Dumka, Kyiv, 2002. (in Ukrainian)

[11] Savka I.Ya. Nonlocal boundary value problem for partial differential equations, constant coefficients of which lie on

smooth curves. Math. Methodi Fiz.-Mekh. Polya 2009, 52 (4), 18–33. (in Ukrainian)

[12] Savka I.Ya. Nonlocal problem with dependent coefficients in conditions for the second-order equation in time variable.

Carpathian Math. Publ. 2010, 2 (2), 101–110. (in Ukrainian)

Received 17.03.2015

Revised 11.06.2015

Василишин П.Б., Савка I.Я., Клюс I.С. Багатоточкова нелокальна задача для факторизованого рiв-

няння з залежними коефiцiєнтами в умовах // Карпатськi матем. публ. — 2015. — Т.7, №1. — C.

22–27.

Встановлено умови коректної розв’язностi нелокальної багатоточкової задачi для факто-

ризованого рiвняння з коефiцiєнтами в умовах, що залежать вiд одного дiйсного параметра.

Показано, що цi умови виконуються на множинi повної мiри Лебеґа вiдрiзка параметрiв.

Ключовi слова i фрази: диференцiальнi рiвняння, багатоточкова нелокальна задача, залежнi

коефiцiєнти, малi знаменники, дiофантовi наближення, метричнi оцiнки.


