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CHERNEGA 1.

HOMOMORPHISMS OF THE ALGEBRA OF SYMMETRIC ANALYTIC FUNCTIONS
ON /;

The algebra H;s(¢1) of symmetric analytic functions of bounded type is investigated. In par-
ticular, we study continuity of some homomorphisms of the algebra of symmetric polynomials on
¢, and composition operators of the algebra of symmetric analytic functions. The paper contains
several open questions.
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INTRODUCTION

Let X be a complex Banach space. By a symmetric function on X we mean a function which
is invariant with respect to a semigroup of isometric operators on X. In the case X = /, by
a symmetric function on £, we mean a function which is invariant under any reordering of a
sequence in £.

Let us denote by P(¢,) the algebra of all polynomials on £,, 1 < p < oo, and by Ps(/;)
the algebra of all symmetric polynomials on £,. The completion of P(¢,) in the metric of uni-
form convergence on bounded sets coincides with the algebra of entire analytic functions of
bounded type H;,(¢) on £,. We use the notations H;,(¢,) for the subalgebra of all symmetric
analytic functions in H;,(¢,). Also we use the notation M, (¢,) for the spectrum (the set of all
non-null continuous complex-valued homomorphisms) of the algebra Hj,(£p).

Symmetric polynomials on rearrangement-invariant function spaces were studied in [7, 8].
In [7] it is proved that the polynomials

Fo(x) = ilk k=[p], [Pl +1,... &

form an algebraic basis in the algebra of all symmetric polynomials on £, where [p] is the
smallest integer that is greater than or equal to p.

Spectra of algebras of analytic functions were studied in [2,3,9,10]. The spectrum of the
algebra Hys (/) was investigated in [4-6].

Recall that for any ¢,0 € Mys(¢p) and f € Hys(£p), the symmetric convolution ¢ x 6 was
defined in [4] as follows

(¢ 0)(f) = ¢(0[T;(f)]),
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where Ty (f)(x) = f(xoy) := (x1,y1,%2,Y2,.-.), X,y € {p, x = (x1,%2,...), y = (y1,Y2,- )

Letx,y € £y, x = (x1,%2,...), ¥y = (Y1,Y2,...). In[6] the multiplicative intertwining of x and
Yy, x oy, was defined as the resulting sequence of ordering the set {x;y; : 7,j € IN} with one
single index in some fixed order. It enabled us to define the multiplicative convolution operator
as a mapping f — My(f), where M, (f)(x) = f(x ©y). And for arbitrary ¢, € M(£,) in [6]
it was defined their multiplicative convolution ¢(6 according to

(900)(f) = @(6[Mx(f)]) for every f € Hys(£p)-

Using the symmetric convolution operation and the multiplicative convolution operator in
the spectrum of the algebra Hs(¢1), a representation of M,(¢1) in terms of entire functions
of exponential type was obtained.

In this paper we continue to investigate the algebra ;s(¢1) of all symmetric analytic func-
tions on /; that are bounded on bounded sets. In particular, we study continuity of some
homomorphisms (linear multiplicative operators) of the algebra of symmetric polynomials on
¢, and composition operators of the algebra of symmetric analytic functions.

1 CONTINUOUS AND DISCONTINUOUS HOMOMORPHISMS

Let us recall that in [5] it was constructed a family {¢y : A € C} of elements of the set
M (£y) such that i) (F,) = A and ¢ (Fr) = 0 for k > p.

Proposition 1. The homomorphismT : Ps(¢1) — Ps(¢1), such thatT : F, — F,_1, (in particu-
lar, T : F; — 0,) is discontinuous.

Proof. Since ¢y o F; = A and ¢, o F, = 0 when k # 1, we have that ) oT'(F,) = A and
ProT(F) =0, k # 2. It follows that i, o I is discontinuous and we obtain that I is discontin-
uous too. U

Note that I acts in the natural way from Ps(¢;) into Ps(¢7).
Question 1. Does the homomorphismT : Ps(ly) — Ps(¥¢1) is discontinuous?
Proposition 2. The homomorphism A : Ps({1) — Ps(¢1), A : F,—1 — Fy, is discontinuous.

Proof. Let us define
m(P(x)) := P(~x) = (~1)%8"P(x),

where P is a homogeneous polynomial. It is easy to see that m is continuous and m(F,) =
(—1)F.
We have mo AomoA(F,) = —F,42. Let x € {1, x # 0. Let us define

Oy :=dbyomoAomoA.

Then O (F,) = —F,42(x).
) -1, if n=2k-1,
Let xg = (—1,0,0,...). It is easy to see that dy,(F,) = { 1 - ok
We have Oy, (F,) : (F, F,...) — (0,0,1,—1,1,—1,...). According to [5, Theorem 1.6] we
have that

(Oxy % Oxy ) (F1) = 0xy(F1) + Oy (F1) = —14+0=—1.



396 CHERNEGA 1.

Similarly,
(0xy *Oy,) (F2) =1
and
(0o *Oxy) (Fr) =0 if k> 2.
Hence we obtain that A is discontinuous. 0

Remark 1. Propositions 1 and 2 are also true for homomorphisms I : Ps({,) — Ps({p) and

2 COMPOSITION OPERATORS

In this section we consider some homomorphisms which are composition operators, and
study their continuity.

1. Let R : C" — C™ be an analytic mapping, R = (Ry,...,Ry). Let us define
TR : (Fl,. . ,Fm) — (Rl(Fll' . .,Fm), .. .,Rm(Fl,. . .,Fm)), that is

Tr(F¢) = Re(Fy, ..., Fn).

Let P be a symmetric polynomial of degree m on ¢;. Then, as it was mentioned above, there
exists a polynomial g on C" such that P(x) = q(F;(x),..., Ex(x)). Applying Tgr we obtain that

TR(P) = q(Ry(F1, .., En), ., Ru(Fy, ..., En)).

Proposition 3. IfR : t,, — aut, + ¢, wherea, = ¢(F,) for some ¢ € M and c,, = P(F,) for
some § € My, then Ty is continuous.
In this case Tr(f) = (6x0¢) x ¢ (f) for every f € Hps(¢1).

Question 2. For which more R the mapping Tr is continuous?

2. Let us consider now an analytic function of one variable /(t) and define

Ty(Ee(0) == Y (k).

n=1

Proposition 4. The operator Tj, is continuous.
Proof. The continuity of Tj, can be proved directly. O

3. Let {P,}$’ , be a sequence of symmetric polynomials such that for every x € /; the
sequence (P (x),...,Py(x),...) € £1.

Let us denote by P a mapping x — (P;(x),..., Py(x),...). Also for every f € H;s(f1) we
define

Cp(f)(x) := foP(x).
Proposition 5. The composition operator Cp(f) is continuous.

Theorem 1. Let G : {1 — {1 be an analytic operator of bounded type. G commutes with
permutation operators (in the sense that G(o1x) = 02G(x), where 01, 0; are permutations on
the set of positive integers) if and only if the operator Cc(f)(x) := f o G(x), where x € {1,
f € Hyps(41), is homomorphism.
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Proof. If G commutes with permutation operators, then

f(G(o1x)) = f(02(G(x))) = f(G(x)) € Hyps(l1).

On the contrary: suppose that G does not commute with o7, i.e. there exists x such that
G(o1x) # 0»G(x) for any 0. Then there exists G, such that G,(G(c1x)) # Gn(G(x)), since
G(o1x) # G(x). Hence G, 0 G ¢ Hys(¢1), and we have a contradiction. O

4. Let P, € Ps(41) and (Py(x), Po(x),..., Py(x),...) € ls for any x € ¢1. Let us define

V, = (Pl(x),PZ(X),...,P”VEX),O,O,..)

n n

and let U be an arbitrary ultrafilter on IN.
Define

Cu(f) = lim f(Va(x)),

where f is an arbitrary symmetric analytic function of bounded type on ¢;. By constructions
of Cy and [1, Example 3.1] it is easy to see that Cy(Fx) = 0if k > 1 and Cy(F;) # 0 in the
generale case.

Proposition 6. Cy is a continuous operator.

Theorem 2. Let F : Hys(¢1) —> Hps(¢1) be a homomorphism. Then there exists a mapping
A Mys(l1) — Mys(41) such that

~

E(f)(x) = f(A(6y)), (2)
where f € Hys({1) and f is the Gelfand transform of f.
Proof. Let ¢ € Mys(¢1), then p = ¢ o F € Myg(¢1). Let us put A(¢) = 1p. Then we have

¢ o F(f) = ¢(f) = Ale)(f):

Let ¢ = dx and we obtain

50 E(f) = F(f)(x) = A (f) = FIA(6)).
O]

It is easy to see that not every mapping A : My(¢1) — Mjs(¢1) generates a continuous
homomorphism on Hys(¢1) by the formula (2). We denote by 91(¢;) the class of all mappings
which generate continuous homomorphisms.

Question 3. How can we describe the class 9M(¢1)?
From the properties of the operations x and ¢ immediately follows the next theorem.

Theorem 3. Let ¢ € M,(¢1) and mappings A1, Ay : Mys(¢1) — Mys(¢1) belong to M (¢y).
Define

Asx(9) := M(9) * Aa(9),

Ao(9) = M(9)0M2(9).

Then A, and A, belong to M (¢1) as well. In other words, the class M (¢1) is closed with respect
to symmetric operations x and <.
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UYepmrera . Fomomopgismu aneebpu cumempuuHux ananimuunux ¢yHxyili Ha npocmopi £1 // Kapnar-
cbki MaTeM. y6A. — 2014. — T.6, Ne2. — C. 394-398.

Aocaiaxyerbest arrebpa Hy, ({1) DiAMX cMeTpUYHNX aHa A THIHMX PyHKIIN 3 1 B C, 110 € 06Me-
KEHVMI Ha 06MeXeHNMX MHOXIMHAX. 30KpeMa, BUBUAETLCS HeIIePEePBHICTh AeSIKMX TOMOMOPdi3MiB
aATebpy CMMETPUUHMX MIOAIHOMIB Ha MpocTopi £, Ta omepaTopiB KOMMO3MILii Ha aArebpi cuMeTpu-
YHVX aHaAITMIHMX (PYHKII. B cTarTi mocTaBA€HO AeKinbKa BIAKPUTHX IATaHb.

Kntouosi cnosa i ppasu: monriHOMM Ta aHaAiTHUHI PyHKIIIT Ha 6aHAXOBMX IIPOCTOPaX, CMMETPUIHI
TIOAIHOMI, CTIEKTPM aATebp.

Yepnera H. T'omomopdu3smetr anzedpor cummempuueckux anasumuueckux ¢pyrkyuii Ha npocmpancmee 1
// Kapnarckme marem. my6a. — 2014. — T.6, N2, — C. 394-398.

B pabote mccaepyercst aarebpa Hps(f1) LEABIX CMMMETPUUYECKMX aHAAUTHUECKMX (PyHKIMIA
orpanydenHoro Tvma ¢ 1 B C. B yacTHOCTH, M3y4aeTcsl HeTpephIBHOCTh HEKOTOPBIX TOMOMOpPdI3-
MOB aATebpbI CMMMEeTPIYEeCKIX TIOAMHOMOB Ha MPOCTPaHCTBe £}, ¥ OrlepaTOpOB KOMITO3MIAM Ha aA-
rebpe CMMMeTPIIECKIX aHAAUTIUECKIX (PYHKINMA. B cTaThe cpopMyAnpoBaHO HECKOABKO OTKPBI-
TBIX BOIIPOCOB.

Knwouesovte cnosa u d)],’]ﬂﬂ)l.’ IIOAMHOMBI I aHAAUTUYECKVIe C})yHKLII/II/I Ha 6aHaXOBBIX IIPpOCTpPaHCTBAX,
CIMMETPHUYIECKNE IIOAMHOMDI, CIIEKTPbBI aArer.



