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NOTE ON ARENS REGULARITY OF SYMMETRIC TENSOR PRODUCTS

We investigate symmetric regularity of sums of symmetric tensor products of Banach spaces and
Arens regularity of symmetric tensor products of Banach algebras. An example for the Hilbert space
is obtained.
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INTRODUCTION

Let X and Y be complex Banach spaces and B : X x X — Y be a bilinear map. A map
B : X** x X** — Y** is said to be the Aron-Berner extension of B if it is defined by

E(x**’y**> — hin B(xa, yﬁ),

where x, and yg are nets in X which are weakly-star convergent in X** to x** and y** respec-
tively.
The bilinear map is regular if

l;rél B(xa,yp) = léril B(xa,yp) (1)

for all weakly-star convergent nets (x4), (yg) C X in X**. X is regular if each bilinear form
on X x X is regular. X is symmetricaly regular if each symmetric bilinear form on X is regular
(see [3]). If A is a Banach algebra, then A is called Arens reqular if the bilinear map associated
with the algebra product (x,y) — xy is regular. In this case the Aron-Berner extension of the
algebra product coincides with the Arens extension [1].

In this note we examine Arens regularity of symmetric projective tensor products of Banach
algebras.

1 REGULARITY OF SUMS OF SYMMETRIC TENSOR PRODUCTS
Let us denote by P("X) the Banach space of all continuous n-homogeneous polynomials
on X. A net (x,) C X is called n-polynomially convergent to a functional ¢ € P("X)* if
@(P) = lim P(xy)
14

for every P € P("X). (xx) is polynomially convergent if it is n-polynomially convergents for
some 1.
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Theorem 1. Let (x,) and (yg) be polynomially convergent nets such that
lim P lim P
im (Xa +yp) # im (Xa +yp)

for a polynomial P € P("X). Then the Banach space

n

n
Y X:=CoXPXQnX®.. 08X Dsn... 057X

is not symmetrically regular, where the symbol ®; ; denotes the complete symmetric projec-
tive tensor product.

Proof. Let Ap be the symmetric n-linear map associated with P. That is, Ap(x,...,x) = P(x).
Let us define a bilinear map Bp on )" X by the following way: given w,u € )" X can be
represented by w = wo +wq + ... + wy, u = ug + uy + ...+ u,, where
k
wO, 1/[0 - C, wk, uk - ®IS(’7TX — X ®s/7‘[ ce ®s/7‘[ X,

andw; =x1 € X, u; =y1 €Y,

o]

(o] (o] (o]
_ ®k __ . ) _ ®k _ ) .
w=Y =Yoo, w= Ly =Y. ey
=1 j=1 =1 =1

Then we set

Bp(w, u) = . Z Ap(uoxnjl, .. .,uoxn]-n) + ‘ Z nAP(yllx(n—l)jzl .. '/x(n—l)jn) +...

J1se-es]n J2ss]n

n
+ (k) ‘ Z Ap(yh, .. .,y]-k,x]-kﬂ, .. .,x]-n) + ‘ Z AP(woynjlr .. .,ZUO]/”]'W).
J1re-sn J1se-s]n

Clearly that Bp is a continuous symmetric bilinear form on " X and
Bp(14+x+...x%, 14y +...y*") = P(x +y).

Let v be the “canonical’ embedding v(x) = 1+ x + ...+ x®", x, and y be n- polynomially
convergent nets. Then v(x,) and v(y, ) are weakly-star convergent in (}_" X)**. Hence

10161;31 Bp(v(xa),v(yp)) # 111;;1 Bp(v(xa),v(yp))

and so Bp is not regular. Thus )" X is not symmetrically regular. O

For a given x = Y 7° | xne, in {1 the support of x is the subset supp x = {m € IN : x,,, # 0}.
Here {e, } is the standart basis of ¢;.

Proposition 1. There exists a symmetric bilinear map B : {1 x {; — C and there are nets
(xa) C £y and (yg) C ¢1 such that ||x,|| = ||yg|| = 1 and

1) limg g B(xa, yp) # limg, B(xa, ¥p),

2) supp XuNsupp yp =< forallaand .



374 TARAS O., ZAGORODNYUK A.

Proof. 1) it follows from the fact that ¢; is not symmetrically regular. To construct map B which
satisfy both 1) and 2) conditions we will use Example 1.1 in [5]. For simplicity we consider
01(Z). Let Ly and L_ are in ¢1(Z)** such that L is a Hahn-Banach extension of functional

pi(x) = lim 1,
Xy € ¢(Z) and L_ is a Hahn-Banach extension of

p-(x) = Tim x,.
Clearly L, may by approximated in weak-star topology by (x4), xx € ¢4, ||x|| =1, & > 0 and

L-byyg, [lygll =1, B < 0. Also in [5] it is shown that the Arens extension of the convolution
x on £ is not commutative and

lgg(xzx *yp) # léfg(xa *Yp)-
So there is a linear functional f on ¢1(Z)** such that
lg;gf(xa *yp) # llggf(xa *Yp)-
We set B(x,y) = f(x xy). O
Proposition 2. There exists a 4-homogeneous polynomial P on ¢, such that
lpic,rgp(xrx +yp) # lég\P(x“ +Yp)

for some polynomially convergent nets (x4), (yg) C £2.

Let B(x,y) be a symmetric non-regular bilinear map on ¢; and (x,) and (y;) as in Proposi-
tion 1. We can write

Xo = Z Xa,n€n and yp = Z Ygnén,
n=1

n=1
where e, is the standart basis on ¢, of the form z, = }.;° 1 \/Xanen and rg = Y71 | /Yp nen-
Clearly ||z4|ls, = ||xalle, = 1 and ||rg|[s, = [lygll, = 1. By compactness reasons nets (z,)
and (rg) contains Hj-convergent subsets (which are polynomially convergent as well) which
we will denote by the same symbols ([2]). Let us define the following polynomial on ¢

P(x) = B( Y xden, Y xien),
n=1 n=1

where B is defined above. Since

oo oo
) x2e, € I for every X=Y_ xney € by,
n=1

n=1

P is well defined. Since nets (x,) and (yg) have the disjoint supports,

P(zy +18) = B< ) zfm +) ”;23,”/ Y zi/n +) r%n>
n=1 n=1 n=1 n=1

= B(xa +Yp, Xa +Yp) = B(xa, xa) + 2B (x4, yp) + B(yp, yp)-
So,
lilrEP(z,X +7rg) = lipg\B(x,X,x,x) + lifr}nB(yﬁ,yﬁ) + 210'1(%13(3(,,(,]/5)

# ligcn B(xy, x4) + lién B(ygp, yp) + ZIémB(x,X,yﬁ) = lfi;mP(z,X +7g)-
X 0
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Corollary. Y%/, is not symmetrically regular. Note that in [3] it is shown that the complete
projective tensor product £, @ {5 is not symmetrically regular.

2 THE CASE OF BANACH ALGEBRA

Let A be a Banach algebra. Then the complete projective tensor power ®'; A is a Banach
algebra too and the symmetric tensor power @y , A is a Banach subalgebra of @7 A. In [4]
was studied conditions of Arens regularity of @’ A. Here we concentrate on ®yg  A.

Theorem 2. Let (x4), (yp) be an n-polynomial convergent nets in A such that
lim P(xy - lim P(xy - 2
im (xa - yp) # im (xa - yp) ()

for an arbitrary P € P("A). Then Q5 . A is not regular.

Proof. 1f (xa), (yg) C A are n-polynomial convergent nets to ¢, ¢ € (P("A))* respectively,
then nets u, = %, ® ... ® xq, v = Yp®...® yp are convergent in week-star topology to
P, 9 € (R A)** respectively, i.e. forall f € (R, A)*

o(f) =lim f(ux),  $(f) = 1i!§nf(v/s)-

Let Ap be a symmetric n-linear map associated with P and f is the linear functional on
Q¢ s Asuchthat P(x) = f(x ®...®x).
Let us consider P(x - y) for arbitrary P € P("A):

P(x-y)=Ap(x-y,...,.x-y)=f(x-y®...0x-y) = f(u-v) = B(u,v),

n n

whereu =x®...0x,v=y®...®yand

n n

n

X YRK..8x yY+...+x - yY®...0x-y

n n

u-v= " :x-y®.\.r.®x-y.
n
So, if
15;91’(% ‘yp) # léng(xa “Yp).
then
lil,? B(uq, vg) # lérg B(ua, vg)-
Thus B is a bilinear map on ®y¢ ; A and is not regular. O

Remark. In the case of commutative Banach algebra we can see that under conditions of The-
orem 2, ®{ , A is not symmetrically regular.
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Y poboTi AOCAIAKEHO CMMETPUUHY PETYASIPHICTD CYM CMMETPWUHMX TEeH30PHMX AOOYTKiB Ha-
HaXOBMX IPOCTOPIB i peTyASpHICTD 3a ApeHCOM CMMETPUYHMX TEH30PHMX AODYTKiB baHaXOBIMX aA-
re6p. PO3TASIHYTO IpMKAAA AASL BUITAAKY TiAbOEpPTOBOTO IPOCTOPY.

Kontouosi cnoea i ¢ppasu: cuMeTpUUHA PETYASIPHICTD, MyABTHUAIHINHe BiA06paskeHHsI, TIOAIHOM Ha
6aHaXOBOMY IIPOCTOPi, PETYASIPHICTD 32 ApeHCOM, TeH30PHIMI AOOYTOK.

Tapac E., 3aropoantox A. PezyngpHocno no ApeHcy cummempuueckux meH3opHulx npoussedequti //
KapnaTckme matem. myba. — 2014. — T.6, Ne2. — C. 372-376.

B pabore mccaeayeTcs cuMmMeTpudeckas peryAsSpHOCTD CYMM CMMETPIYECKIX TeH30PHBIX IIPO-
M3BeAEHVI] 6aHAXOBBIX IPOCTPAHCTB M PETYASIPHOCTD IO APeHCY CMMMEeTPIYeCKIX TeH30PHbIX IIPO-
M3BeACHIIT baHaXOBbIX aAre6p. PaccMoTpeH mpuMep AAsI CAyYast ITMABOEPTOBOTO MPOCTPAHCTBA.

Kouesvie ci06a u ¢ppasr: cumMmeTpudecKasl peryAspHOCTb, My ABTUAMHEIHOe OTO6paskeHye, Io-
AVHOM Ha 6aHaxOBOM IIPOCTPAHCTBe, PEryASIPHOCTD IO ApeHCY, TeH30pHOe IIPOM3BeAeHIE.



