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FINITE HOMOMORPHIC IMAGES OF BEZOUT DUO-DOMAINS

Itis proved that for a quasi-duo Bezout ring of stable range 1 the duo-ring condition is equivalent
to being an elementary divisor ring. As an application of this result a couple of useful properties are
obtained for finite homomorphic images of Bezout duo-domains: they are coherent morphic rings,
all injective modules over them are flat, their weak global dimension is either 0 or infinity. More-
over, we introduce the notion of square-free element in noncommutative case and it is shown that
they are adequate elements of Bezout duo-domains. In addition, we are going to prove that these
elements are elements of almost stable range 1, as well as necessary and sufficient conditions for
being square-free element are found in terms of regularity, Jacobson semisimplicity, and boundness
of weak global dimension of finite homomorphic images of Bezout duo-domains.
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INTRODUCTION

All the rings considered in the article are supposed to be associative with nonzero identity
element. In [21] it is proved that any right distributive elementary divisor ring satisfies the
condition: for any element 2 € R one can find an element b € R such that RaR = bR = Rb.
Moreover, in the same paper the authors have proved that such a ring has to be a duo-ring if
all its zero divisors are in the Jacobson radical. As a consequence we will obtain the following
result.

Theorem 1 ([21]). Any right distributive elementary divisor domain is a duo-domain.

On the other hand, in [11] the author has proved that for any elementary divisor ring, the
conditions of being right distributive, left distributive, right quasi-duo, left quasi-duo ring and duo-ring
are equivalent. Also the same author proves in [12] that a right Bezout ring is right distributive if
and only if it is a right quasi-duo ring, and a right distributive ring is an arithmetical ring, and if it is
a right duo-ring then the reverse inclusion holds.

Here we need to mention that the quasi-duo rings have been studied in [6,15], where the
reader can find the proofs of their basic properties and their connections to the classes of
regular and exchange rings. Furthermore, for the Bezout rings (as well as the arithmetical
rings) the quasi-duo conditions have tight connection to the right distributivity of lattice of its
right ideals.
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We are going to prove below in this article that the “duo-ring” condition in Theorem 1 is not
only necessary but is also sufficient in the case when R is a right quasi-duo Bezout ring of stable range
1. The latter means that condition of zero divisors being in Jacobson radical can be omitted.

All mentioned information will be applied to the finite homomorphic images of a Bezout
duo-domain R and some corollaries will be obtained for the ring R/aR in the case when a
is a square-free element. Actually, we will prove that a is a square-free element of a Bezout
duo-domain R if and only if R/aR is a von Neumann regular ring if and only if R/aR has zero
Jacobson radical if and only if the weak global dimension of R/aR is finite if and only if R/aR
has weak global dimension 0.

Finally, from this fact we conclude that the square-free elements of the Bezout duo-domains
are elements of almost stable range 1.

We recall some definitions and facts that we will need below in our proofs. All other notions
can be found in [7, 8, 16,18-20].

Hyman Bass in [1] introduced the notion of stable range that became one of the main K-
theory invariants later. This invariant can be used for solving problems of matrix diagonal-
ization over rings [19] and their relations to other classes of rings. Its definition is left-right
symmetric due to [14]. Below we will use stable range condition for specific values of 7, in fact
forn=1andn = 2.

Definition 1. We say that a ring R is has the stable range 1 if for any elements a,b € R the
equality aR + bR = R implies that there is some x € R such that a + bx is an invertible element
inR.

If for any elements a, b, c in a ring R the equality aR + bR + cR = R implies that there are
some elements x,y € R such that (a + cx)R + (b + cy)R = R then we say that the stable range
of R is equal to 2.

An element a in a ring R is called an almost stable range 1 element if the stable range of R/aR
is equal to 1.

Since in the duo-ring case every von Neumann regular ring is strongly regular, the stable
range of R/aR becomes equal to 1 when R/aR is von Neumann regular duo-ring.
Here we gather some results concerning our topic.

Theorem 2. 1) A right Bezout ring of stable range 1 is a right Hermite ring [18].

2) For any elements a, b in a right Bezout ring R of stable range 1 one can find some elements
x,d € R such thata + bx = d and aR + bR = dR [18].

3) Every matrix A over a right Hermite ring R can be reduced to the lower triangular matrix
AU via the right multiplication by some invertible matrix U [5].

4)Ifall2 x 2,2 x 1 and 1 x 2 matrices over a ring R admit canonical diagonal reduction
then R is an elementary divisor ring [5].

In [7] it is proved that the left morphic rings are the right P-injective. In addition it is useful
to mention that a pair (a,b) of elements of a ring R in the previous theorem is called a left
morphic pair and this fact will be denoted as a ~; b. Similarly for the right case we use the
notation a ~, b.

1 RIGHT QUASI-DUO ELEMENTARY DIVISOR RINGS

Before proving one of the main results we need the following lemma.



362 SOROKIN O.S.

Lemma 1. Let R be a Bezout duo-ring of stable range 1. If for any elementsa,b,c € R such that
aR + bR + cR = R there are some elements p,q € R such that (pa + gb)R + qcR = R then R is
an elementary divisor ring.

Proof. According to Theorem 2 the Bezout duo-ring R of stable range 1 is a Hermite ring, so it

is sufficient to prove the statement for the matrices A = (ﬂ S) ,where aR + bR+ cR = R. By

b
given assumption there are some elements p,q € R such that (pa + gb)u + gcv = 1, for some

X ok
that the element cy1 of the matrix C = PAQ is equal to 1, and then obviously the matrix C (as
well as matrix A) admits canonical diagonal reduction. Thus R is an elementary divisor ring
as was desired. The lemma is proved. O

u,v € R. By Theorem 2 there are some invertible matrices P = (p q) ,Q = (Z :) , such

Theorem 3. Let R be a Bezout quasi-duo ring of stable range 1. Then R is an elementary divisor
ring if and only if it is a duo-ring.

Proof. Asitwas mentioned at the beginning and is proved in [11] being a quasi-duo elementary
divisor ring implies the duo-ring condition, so the necessity is proved.

For the proof of the sufficiency suppose that we have any triple 4,b,c € R such that aR +
bR 4+ cR = R. By Theorem 6 there are some elements z,i € R such that b +cz = h and
bR 4+ cR = hR. So, aR + hR = R implies that there exists g € R such thata +gh = g €
U(R), since st.r.(R) = 1. After the substitution we obtain ag~' + q(b + cz)g~! = 1 and the
rearranging gives (a +qb)g ! + (qc)(zg™!) = 1 that means (a + gb)R + gcR = R. By Lemma 1
above R is an elementary divisor ring. The theorem is proved. O

Corollary 1. A right distributive Bezout ring of stable range 1 is an elementary divisor ring if
and only if it is a duo-ring.

Example 1. For any Bezout ring of stable range 1 the rings of upper triangular matrices over
R satisfy conditions of Theorem 3. The same we have for a ring R|[x]] of a formal power series
over any strongly regular ring R. However, there are rings that fail the conditions of Theo-
rem 3. The ring of formal power series R{{x,y)) over a division ring R of two non-commuting
variables is a quasi-duo ring, but is not a right duo-ring, therefore cannot be an elementary
divisor ring.

2 FINITE HOMOMORPHIC IMAGES OF BEZOUT DUO-DOMAINS

The importance of the duo-ring conditions for the non-commutative Bezout rings was
shown in the previous section. Now our goal is to determine what properties of the finite
homomorphic images of the commutative Bezout domains are preserved in the duo-situation.
Below we give some analogues of the results proved in [8,13,17,19].

Theorem 4. If R is a Bezout duo-domain and a € R is some its nonzero element then R/aR
coincides with its classical ring of quotients: Q(R/aR) = R/aR, and R/aR is an almost Baer,
P-injective, coherent, reversible morphic IF-ring of weak global dimension equal either to 0 or
the infinity, where the left and right morphic pairs coincide.
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Proof. For any element b € R the only possible situations are: either aR + bR = RoraR + bR =
dR. In the first case one can find some u,v € R such that au + bv = 1, and its image in R =
R/aRisbo = 1,and sobis right invertible in R. Since R is a duo-domain, Ra + Rb = aR + bR =
R and similarly we obtain that b is left invertible as well. Thus such b will be invertible. In the
case when aR + bR = dR there are some x,y € R such thata = dx,b = dy, xR + yR = R. Then
using the fact that R is a duo-domain bx = dyx = zdx = za € aR for some z € R. Hence b in
R is a left zero divisor. Similarly we can obtain that it is a right zero divisor as well. Thus the
localization that leads to the classical ring of quotients coincides with R/aR.

Let us show that R is a right almost Baer ring, that is we have to show that r(b) is a right
principal ideal for any b € R. Suppose that t € r(b), that is bf = 0, or it is the same as bt = as,
for some s € R. Suppose that bR + aR = hR. If iR = R then b is a unit by property 1 and its
right annihilator is a right principal ideal generated by zero. Suppose that 1R # R. Since R is
a Bezout domain we can state that a = hx,b = hy, xR + yR = R for some elements x,y € R.
Hence the equality bt = as implies hyt = hxt, and, after the cancelation, yt = xs. Since x, y are
coprime, then x has to be a divisor of ¢, that is t € xR hence r(b) C XR. For any xr € xR we
have that bxr = hyxr = y1hxr = yjar = ay,r € aR, for some y1,y» € R. The latter means that
%7 € r(b) and ¥R C r(b). At last we have obtained that ¥R = r(b), thus R/aR is a right almost
Baer ring. Similarly it is a left almost Baer ring.

Suppose that we have in R the inclusion 7(¢) C r(b). LetaR +cR = dR and then a = dx,c =
dy. As cx = dyx = dxy; = ay; for some y; € R, as it is a duo-domain. Hence cx = 0 and
% € r(c) C r(b), so bx = 0. The latter means that there is some k € R such that bx = ak. Since
R is a duo-domain, there exists i € R such that bx = ak = ha = hdx. After the cancelation we
obtain b = hd € Rd. Thenb € Rd = Rc and Rb C Rc. Thus R/aR is a right P-injective by [8].
Case of a left P-injective case is similar.

Finally, in [2] it is proved that a Bezout ring R is a right and left IF-ring if and only if it
is coherent and P-injective. By [3,10] we know that every IF-ring either has zero weak global
dimension or it is infinite.

Suppose that ¥ € R = R/aR. Then by previous properties we have that there are some
¥,z € Rsuch that [(X) = Ry = xR = rl(%) = r(7)

r(x) = ¥R = Rx = Ir(x) = r(Z). Since R is also a duo-ring, ¥R = Rx and thus r(y) = I(Z).

Let us consider two homomorphisms f,¢ : R — R defined by f(7) = 7x,g(F) = *7.
By the First Isomorphism Theorem, R/Ker(f) = R/I(X) = Rx,R/Ker(g) = R/r(X) = xR.
However ¥R = Rx and therefore R/I(X) = R/r(X) or R/zZR = R/ E]? =R/ ]7?. Consider the
commutative diagram with exact rows,

0 yR R R/JR — 0
Lk
0 > ZR R R/ZR —— 0

where there exists the unique isomorphism j : YR — ZR augmenting this diagram by [9].
Thus, we have: xR = r(y),7(X) = ZR 2 YR, Rx = [(Z),[(X) = Ry = YR = ZR = Rz. Therefore,
by [7] R/aR is the left and right morphic ring. For proving that the left and right morphic
pairs coincide we need the following simple fact: if xR = yR in a right P-injective ring R then
xR = yR. Hence we conclude that YR = ZR implies YR = ZR, therefore the left and right
morphic pairs coincide. Since the right and left morphic pairs in R coincide, for any b € R we

can find ¢ € R such that I(b) = Rc = cR = r(b). The latter equality means that R/aR is a
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reversible ring.

As we have proved that R/aR is an almost Baer ring, the only thing we need is to prove that
the intersection of any two right (and left) principal ideals is again a right (and left) principal
ideal. Consider the ideals bR,cR. Using property 2 we see that there are some X, ve R such
that bR = r(x),cR = r(y). Then 7RNCR = r(X) Nr(y) = r(xR +yR) = r(ZR) = dR, where
z,d are some elements in R. We conclude that R/aR is a right (and similarly left) coherent ring
by the definition. The theorem is proved. O

Gatalevych [4] was the first researcher who studied a noncommutative theory of adequate
rings and their generalizations. We are also making an effort to deal with this theory.

Definition 2. A nonzero element a in a ring R is said to be right adequate if for any nonzero
element b € R we can find two elements r,s € R such that the decomposition a = sr satisfies
the following properties: rR + bR = R and s'R + bR # R, where sR C s'R # R.

Similarly, a left adequate element can be defined. In the case of a duo-ring these notions
coincide and we simply talk on adequate elements. At first, the examples of adequate elements
are the units, irreducible elements, and all square-free elements of a ring. Here is the definition
of a square-free element.

Definition 3. A nonzero element a in a ring R is called a square-free element if having any its
decomposition a = xy, where x,y € R, one can conclude that xR + yR = R and Rx + Ry = R.

It is useful to notice that there are rings without square-free elements, for example such is
the ring of all algebraic integers.

Proposition 1. All square-free elements of a Bezout duo-domain are adequate.

Proof. Let a,b € R, where a is a square-free element. Then aR + bR = dR, a = day, b =
dby, apR+boR = R for some elements d, ag, by € R. Since a is a square free element, 39R +dR =
R. The latter equality implies agR 4+ bR = R and the decompositiona = sr, wheres = d, r = a9
is the one that was desired. The statement is proved. O

Theorem 5. Let R be a Bezout duo-domain and a be some its nonzero element. The following
statements are equivalent:

1) a is a square-free element;

2) R/aR is a von Neumann regular ring;

3) J(R/aR) = 0;

4) w.gl.dim(R/aR) = 0;

5) w.gl.dim(R/aR) is finite.

Proof. 1 = 2. Suppose that a is a square-free element. Let7 € R = R/aR be an arbitrary
element. If ¥ is not invertible then by Theorem 4, ¥ is a zero divisor, that is Xy = 0 for some
element X in R. Then xy = ak’ = ka, for some k, k" € R. Suppose that kR + xR = dR = Rd, and
k = dko, x = xod, xoR + koR = R, for some x¢, kg € R. Hence dxpy = dkoa and cancellating by
d we have xpy = koa. Since x¢ and ko are coprime, k¢ has to be a divisor of y, that is y = koy for
some yg € R. Since R is a duo-domain, there is some x; € R such that xokoyo = kox1yo = koa
hence a = x;yp. Since a is a square-free element, we can conclude that x;R + yoR = R. Then
for some elements p,q,u,v € R we have xqju +yov = 1, xgp + kog = 1. Multiplying the first
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equality by ko we obtain kox1u + koyov = ko and xop + (xokou + yv)g = 1. The latter equality
implies xoR + yR = R. Since xpy = koa, we conclude that Xy = 0. As x, y are coprime in R,
this is preserved in R. Therefore, there are elements 77,7 € R such that X + y7 = 1. The ring
R/aR is reversible by Theorem 13, therefore yxy = 0. Finally, yXomi + y°71 = y implies 271 = ¥,
thus R/aR is a von Neumann regular ring.

2 = 3. The proof is obvious as this is a property of each von Neumann regular ring.

3 = 1. Suppose that a = bc, where b and c have g.c.d. d # 1. Then x¥ € J(R/aR) if and only
if for any r,s € R we have (1 —rxs)R +aR = R. However the Jacobson radical is zero, thus
x € aR = Ra. The equality bR 4 cR = dR implies b = dby, ¢ = dcgy, where by, cp € R. Suppose
that (1 — bodco)R + aR = hR. Then there are some a’, x € R such that a = ha’, 1 — bpdcy = hx.
Hence hR + (bodco)R = R. Since d(bodcg) = ha', the element bydcy has to divide a’, namely
a’ = bydcok, for some k € R. Furthermore, a = dbydcy = ha’' = hbgdcok = hk' (bydcy), for some
k' € R. Hence d = hk'. From the duo-ring condition we know that Rh + Rbydcy = R and
there are u,v € R such that uh + vbpdcy = 1. After the right multiplication by k’ we obtain
d = hk' = h(vbodcok” + uhk’) = h(ud + wd) = h(u + w)d, for some w € R. Thusd = h(u + w)d
implies h(u + w) = 1 and hence / is invertible. As a result a — bpdcy is coprime with a, that
is bodcy = ta = tdbydcy, for some t € R. Al last we obtain td = 1 and d becomes a unit that
contradicts with our assumption. Thus, a is a square-free element.

2 < 4. The necessity is straightforward as this is a property of each von Neumann regular
ring, and the sufficiency follows from the observation that R/aR is an IF-ring (by the Theorem
13) of zero weak global dimension [2].

4 < 5. The necessity is again obvious, while the sufficiency follows from the fact that the
weak global dimension of R/aR can be either 0 or infinite. The theorem is proved. O

Corollary 2. The square-free elements of a Bezout duo-domain are the elements of almost
stable range 1.
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VY cTaTTi AOBEAEHO, IO KBasi-Ayo Kiablle Besy crabiabHOTO paHry 1 € KiAblleM eAeMeHTapHMX
ALABHMKIB TOAL i AMIIIe TOAL, KOAM BOHO € AyO-KiAbIleM. fIK 3aCTOCYBaHHsI IIbOTO pe3yAbTaTy MOKa-
3aHO, IO CKiHYeHHI roMoMOpdHi 06pasu Ayo-obaacteit besy € korepeHTHMMY MOPITHUMM KiAb-
LSIMU cAabKOI TAODaABHOI po3MipHOCTI piBHOI 0 a60 HeCKiHUEHOCTi, Ta KOXeH iH €KTUBHII MOAYAD
€ IIAOCKIIA HaA TakumM KiabisiMy. KpiM Toro, BBeaeHe IOHSITTSI BIABHOTO Bia KBaApaTiB eAeMeHTa y
CUTYyalli HeKOMYTaTUBHOTO KiABIIS Ta TIOKA3aHO, IO TaKi eAeMeHTH € aAeKBaTHMMM eAeMeHTaMI B
Ayo-obaactsx besy. TakoxX oTpuMaHO KpUTepilt peryAsipHOCTI CKiHUeHHNX ToMOMOpdpHIX 06pa3is
Ayo-obaacreit be3y B TepMiHax BiABHMX BiA KBaApaTiB eA€MEHTIB, BUPOAXKEHOCTI paauKaay Axe-
KobcoHa Ta cKiHUeHHOCTi cAabKol TA0baAbHOI PO3MipHOCTI.

Kontouosi cnosa i ppasu: «xirbile be3y, oaBiliHa 0b6AaCTh BM3HAUEHHS, AVICTPUOYTUBHE KiAblle,
CTabiABHICTD paHry 1, BIABHO KBaApaTOBaHVII eAE€MEHT, aAeKBaTHMIL €AeMEHT, PeryAsipHe Kinblle
don Heiimana, Mopdiure Kiablle, cAabka IAO6aAbHA BUMipHICTb.

CopoxnH A.C. Koneunvie 2omomopgproie 06paser dyo-obnacmeii besy // KapmaTckme mareM. myoA. —
2014. — T.6, N2. — C. 360-366.

B craThe AOKa3aHO, UTO KBa3M-AyO KOABIO be3y cTabMABHOTO paHra 1 sIBASIETCSI KOABLIOM DAe-
MeHTapHbIX AeAWTEAEN TOTAA M TOABKO TOTAQ, KOTAQ OHO SIBASIETCSI AyO-KOABIIOM. Kak mprmMeneHme
5TOTO pe3yAbTaTa ITOKa3aHO, YTO KOHeUHble TOMOMOpPdHbIe 06pa3bl Ayo-obaacTelt besy sBAsTFOTCS
KOTe€pEeHTHBIMI MOP(IUECKIMI KOABIIAMI CAA6011 TAOOGAABHOI pa3sMepHOCTH paBHOM 0 1AM Hecko-
HEYHOCTH, ¥ KaXXABIV MHbEKTUBHBI MOAYAD 6yAeT IIAOCKMM HaA TakVMMU KoAbllamm. Kpome Toro,
BBEAEHO TIOHSITHE CBODOAHOTO OT KBaApaTOB SAeMEHTa B CUTYallvyi HEKOMMYTATUBHOTO KOABIIA, 1
TI0Ka3aHO, UTO TaKIe SAeMEeHTHI SIBASIOTCST aAeKBaTHBIMI SAeMEeHTaMM B Ay0-obaacTsx besy. Takxke
TIOAYUeH KPUTEPUii PeryAsipHOCTI KOHEUHBIX TOMOMOP(HBIX 06pa3oB Ayo-obaacTeli besy B Tepmu-
HaX CBOOOAHBIX OT KBaAPAaTOB SA€MEHTOB, BBIPOXAEHHOCTH pasykasa AXeKobCcoHa 1 KOHEUHOCTH
caabort TA06aAbHOM pa3sMepPHOCTA.

Kntouesvie co6a u ¢ppasvi: KOABIIO be3y, ABoricTBeHHast 06AACTh ONpeAeAeHNsT, AICTPUOYTUBHOe
KOABIIO, CTabMABHOCTD paHTa 1, CBOGOAHO KBaApaTUPYeMBbIll SAeMeHT, aA€KBaTHBIN SAeMEHT, pery-
ASIpHOe KOABIIO poH HeliMaHa, Mopdpmdeckoe KOABIIO, caaboe TA0baAbHOE M3MepeHNe.



