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THE FUNDAMENTAL SOLUTION OF CAUCHY PROBLEM FOR A SINGLE
EQUATION OF THE DIFFUSION EQUATION WITH INERTIA

In the paper it is found the explicit form of the fundamental solution of Cauchy problem for the
equation of Kolmogorov type that has a finite number groups of spatial variables on which there is
degeneration of parabolicity.
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INTRODUCTION

In this article we explore the fundamental solution of Cauchy problem (FSCP) or the diffu-
sion equation with inertia, which depends on the inertia of many groups of spatial variables.

In 1934 based on a particular tangent process, Kolmogorov A.N. derived the diffusion equa-
tion with inertia [1]. Using the Fourier transform, Hormander L. found the fundamental solu-
tion of the equation [2].

To construction of fundamental solutions of the Cauchy problem for ultraparabolic equa-
tions where involved many authors, among them Weber M. [3], Il'in, A.M. [4], Oleinik O.A. [5],
Eidelman S.D. [6], Ivasyshen S.D. [7] and their students. There were considered equations with
one, two spatial groups of variables on which there is degeneration of parabolicity as well as
equations having features on the time variable. Detailed analysis of the theory of degenerate
parabolic equations in the appropriate time period is done in the works [8,9]. We consider the
equations which have the degeneration of parabolicity for arbitrary finite number of groups of
spatial variables. This research is a continuation of works [10, 11].

1 NOTATIONS AND PROBLEM STATEMENT

Let x = (xll,xlz,...,xlnl;xm,xzz,...,xzn?_;...;xkl,xkz,...,xknk;...;xpl,xpz,...,xpnp;
qul---;xml)/q = p+1/ ny 2 np 2 Z np > 1/ ng € Il\I/k = 1/P;p € N/m 2 b,

p
Y ng+m—p=mn,xcR"cR" Consider the Cauchy problem
k=1

m
oru (t, x) Z Zxk]aka (t,x) Z xkl (1)
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u(t,x)|=r =up(x), 0<7<t<T<+00, x€R" (2)

where 1 (x) — sufficiently smooth finite function. Let us find fundamental solution of Cauchy
problem (1), (2).

2 CONSTRUCTION OF THE FUNDAMENTAL SOLUTION OF CAUCHY PROBLEM (1), (2).

The solution of the problem (1), (2) we will seek in the form of inverse Fourier transform of
unknown function v (¢, {), so

u(t) = @m)F [ expli(xd)}o(te)de. ©
Since d;u (t,x) = F (9¢v (t,¢)), and

Xt (6%) = F (=8110g,0 (£8)) (%) = F(=eho (1,9)),

the problem (1), (2) is reduced to the problem

drv (t,¢) — Z Zékﬁla@’k Z §k1v (t,¢), (4)
k=1j=
0(t,E) [ier =00 (§), 0<T<t<T<4oo, FeR" 5)
The following system corresponds to equation (4)
gp = %u _déw w1 don __ dowp1 __ dG _
T s S1ny 5} Sony k2
_ déknk—l _ dgpl _ _ dgpnp—l _ dv (6)
Ckny ) Gpny B g 2.0
k=1
Let us find f nr + 1 — p independent integrals of the system (6). From dt = dgé{:"fl, k=1,p,
k=1 g
we obtain
gkﬂk 1 — tgk}’lk +Ck}’lk 1, (7)
and from dt = dgk ’:Z‘:lz, k =1, p, using (7), we obtain
12
Ckny—2 = igknk + tCknp—1 + Chknp—2s (8)
and so on. From dt = 7 gk"k] L we obtain
”k
_ H -1 9
éknkfj - ]'_ggk”k + mcknkfl ++ Chnp—2- ( )

Analogically, from dt = g L using Crp = (,izlfzz) 1Ckny T (’i:k—:;!cknkl + - 4 cyp, we obtain

1= 1 = -2

Ck1 = ( ) (;Iknk m

FCl—1 + -+ + o + Cpa. (10)
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dv

£< 1 ‘ tnk72 et >2+ g 62
ki Clpp—17TTCk1
= \ (1) et (n—2)1 """k z k—pi1 k1

, and find the integral

Let us consider df = [
- v

U—Cexp{ /Z( P 1) Creny + ('ink ; Clm—1 + - +Ck1> dp — Z G t_T)}

k=p+1
(11)
with t > 7. The initial condition implies

-1 "2 . . .
o) <—(n1 ni61m + GyoayCim -1+ T2 e ST+ Clny -1, G1my
T2~ 1 22 . R s
(nz 1 |§2n2 (nz_z)!Can—l + e + TC22 + €21/ - - -/T€2n2 + C2n2/ s §2n21 ety (np_l)!gp np

np—
+(T7>Cpnp 1+ e e 2t Gm1) =6

p
(12)
therefore
p t
U:eXP{ Z & (t—1) kﬂlf B, (e = 1))~ 4 B2, 4 (g —2)1) 7!
=17
ny— 1
+ -+ Bexa + cx1) dﬁ}vo(élnﬁ"l*l((i’ll—l)) + Z (m—1=1)) " erp (13)
1 ml _
=l T, +Cln1_1;§1nl;...;gpin”l’*l ((np, — 1)) Ty lgl ((np—1-1)1
Cpnpflrnp_l_lr . ~/T€pnp =+ Cpnpfl}gpnp} €p+1lr .. ~r€m1)

Replace ¢1,y—1,-+-,€11;C2ny—1,+--,C2 1 - - 3 Cpny—1s--,Cp 1 with their values that are found
from the system of first integrals, k = 1, p;

)
gknk—l = tzéknk + Ckng—1s
__t
Ckng—2 = 51Ckn, + EChknp—1+ Ckn—2/
_ t H-1 ¢
Ckny—j = FGkne T G=nChme—1 + o+ F EChm—jr1 + Chm—jy

Fe1 = A Ee, 4+ A +-- et
k1 — (e—1)! knk (=11 kng—1 k2 k1-

tZ
Therefore Cknk—l = gknk—l - tékl’lkl Ckl’lk—z = ékl’lk—z - tgk?lk—l + fékl’lk/ ... Let

)
Ckn—j = Cknk —j tgknk —j+1 +- (]~—|)€knk~ (14)
Let us show that
(_t)j+1
Chmp—(j+1) = Cknp—(j+1) — ECkme—j T -+ + W Gk (15)
. i+1 i—1+1
Indeed, since Chkmp—(j+1) = ‘:knk—(j+1) ]tjrl T Chny — ;l Ckm—1— """ — ﬁ Ckng—1 — tChnp—jr
using (14), we have
i+1 1+1
Chnp—(j+1) = Ckmp—(j+1) — ]]+1 i Chny — (Cknkq — t8n,) — (]t] S (8kme—t — tChmp—141

2 _ ) i’l 2
+5i8knme—142 + %ﬁknk—lw et T)éknk> =t <Cffknk—j — tCkm—j+1 + 5
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—t)f 2 i+

gknk—]+2++ (]'t) gk?lk) :ék}’lk ]+1 _tgknk_]—{_%éknk l+2++ﬁéknk—l
—i+1 i—1-1 I :
[(—1) (—1)/ = C]1 11 (— 1) C2 g (1Y o= C; L (— )] + Cknkfl%

/
(= (=11 1]+ G, 57 [ (141 1], where € = i, je NU{0).
We have established (15), hence (14) is correct. Using (14) the formula (13) is reduced to the
form

t

p n—1
0(t8) =epd = L& (-1~ [ L (Gat (BNt + (60"

T k=1

((nx — 1>!)1€knk>2 ﬁ} v (G11+(T—t) Cat+ -+ (E I §1n1,§12+ (t—1t)

t132

Ciat -+ gy Gimy s St -1+ (T = 8) iy G Gn + (T — 1) E2 4+
+<§n;—f.§2nz,...,52nz_1+ (T =) Eamy (T— 1), Ep1 + (T— ) G+ ...

np—1
+(Enpt1f)! Cpn,,/ .. -rgpnpfl + (T - t) Cpn,,/ Cpnp}€p+1 17-- ~/€m 1) .

(16)

From (16) we find

ae—

fexp{ (58— £ & =7 £ [ ((B=0"" (n—1)”

u(t,x
x) = (7T2]Rn k=1

Chon, + (B — B2 G (e = 2)) 7 -+ (B— 1) Gk +Ck1>2d5} vo (&1 17)
F (=)t & (T (=) o1+ (T ) Ey Ely

Ep1 H(T—1) &+ (T =) ((np— 1)!)*1,...,(;'%,1 + (T — 1) &pny, Cpny s
Cpt11s---,Cm)dC

Let us make the change of variables in the integral (17)

(Gt (T—0 &2+ + (1= )"y (e — 1)) =,
Ckjt(T—1)Ckjyr+ -+ (T— 1) S (e — 1D 7' = o,
ék I’Zk—l + (T - t) Cki’lk = OCk nkflr

gk Ny = ak?lkl

Cp11 = &pi1 1,

(18)

L Col = Xl k=1,p.

From (18) we have
[ Ckm—1 = Q1 — (T — 1) A, i
tf
Cknp—2 = Xkpp—2 — (t—t) Kkpe—1 T %“knk,

............... - )
Cimg—j = Mmp—j — (= T) g1+ + ]-f) [T

f—T)n171

{ ékl:“kl_(t_T)“k2+"'+W“knk/ k=1,p.
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Therefore

u P om—1 o\
u@xwzanrz/em{z:2:wm(wﬂ+u—rmbﬁrk~+l%;2f¥aw)

|
R k=1 j=1 )
- 2 p / -1 -1 (20)
Z iXp o + Z X g, Gy, — Z Wy (t—17) — / — )" (e = 1))
k=p+1 k=p+1 k=17
X, + (B — )2 g, —1 (1 — 2)1)~! o 1) dﬁ}

Since vp(a) = (2r) "2 [ exp {—i(y, &)} uo(y)dy, then u(t, x) f G(t —7,x,8)ug(&)dE, where
Rn
G(t — 7, x,¢) is FSCP. Hence, from (20) we obtain the formula G(t —7,x,8).

3 THE FUNDAMENTAL SOLUTION OF CAUCHY PROBLEM

Fort > 7, x € R", ¢ € R" from the formula (20) we have

P
G(t—r1,x,& =2n)™" /exP{ Z [(xk1 — Ck1) a1+ (xk2 — G2 + (= T) x41)

n

(t—t)

-1
S e (xkj—é‘kj+xkj—1(f—T)+"'+(j_7%)gxk1> tj+ e (X1

_\np—2
— Ckm—1 + X2 (t—=T) + - + %xm) W1+ (X, — Gk, + (E—T) (1)
(t_,t)nkfl m .
Xem—1 I X | Ak |+ i(xk1— Ck1) a1
k=p+1
" L B-0"" Y
— Y ag (t—1) =) a1+ (B—T)agor+ -+ (= 1)1 Xpp, | dB ¢ da.
k=p+1 k=17 k :
In order to find (21), consider the integral
' -0
I(t—7,a) 12/ a1+ (B — 1) SR i e TR dp. (22)
T k )

Making the change of variables 6 = f— we have

ne—1 2
L(t—71,a)=(t—1) /01 ((xk1+9(t—r) Ny + -+ + (6 ((;k_—T)l))' (ank> de.

2n—1 [
In (21) let us replace a}; (t —T)" 2 = gy, ..., &5 (t— T)*kT (e =1)!) = gy, k =1,p,

wyq (t— T)’% =g, k=p+1,m, and &’ = «, then we obtain

—_
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P 1
G(t-Tx8) = (277)7"/,1@(19 {— Yo (k1 — k1) ax (F— 1) 72 4 (w2 — G2
R k=1 :
3 — 1)~
+(t_T)xk1>“k2(t_T>77+"'+<xkj Crj+(t—T)xpj—1+- +(t]._7T>_xk1)
Xk (t— T)_zjzi G—D!+- <xknk gknk (t—1) Xkp—1+ -+ kal) (23)

an71 m

W, (t—T) 2 (nk—l)!] —kzl(xkl Ck1) o (£ —T) R kzlkal
:p+ p+
Ny — 1

P,
—Z/O <0ék1+90ék2+"'+9nk_106knk> d@}d(x i’—T VH Hk'
k=1

¥ (1)’
where y = § 4+ =

Let us calculate the integral I = fol (1 + Oogp + - -+ + 9”k_1(xknk)2 ae:

o2

w2 ol 0 K K&
S T < L PO PSS SRR i B, Jat L
3 5 2n; —1 ] un (24)
RjOk(j+v) | k= 1%y
+22j+1/—1+ * ng—1 °
After making perfect squares in (24) we obtain
; ﬁ%‘ 2+3 "Z":kaj(]'—l) 2+5 "Zk:“kj(]'—l)(]'—z) 2+ (k1)
== - AN IV . e 0 —
il = iG+1 =0+ (+2) 5)
Ml (j—1)... (j—ko+1 ? ay, (1 — 11\ 2
L ) Y LU T
fur jG+1)...(j+ko—1) Ng...(2ng —1)
Using (25), let us make the change of variables in the integral (23)
My .
Py % = Sk1,
j=1
& a(i-1)
Ez G Sk
ng—1 ag(i—1)-(—kot1) _ (26)
L DGk = Sk
j=ko
.a.k ,1 .(.n k ._.1.)!. .....
nk..]f(an—l) = Sknk' k = 1’ p’
X1 = Sk1, k=p+1m.
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Solving the equation (26) with respect to a, we obtain

&k = Sk — 38k + 5Sk3 — Tska - (= 1) (20 — 1) sp,

-1 nkfl

=510 — 553 + Hspy — 2815 + 220 g 4+ 4 ((”k)*z) 4-5----- g (2ng — 1) spy,,
o) - 2j(2j+3 2j+1)(2j+5

Dot = Sk — (2 + D s+ 2 (42]! Lspjg — Ly
LACHDEREAT) Ly (_1)V*]2j(2j+(1)...‘()]'4-1/—2)(21/ D + ...

Al v—j)!
)" T2 (24 1) (g —2) (25— 1

4. )( J()J+(n)k_(](;z!<+1 )(2ny )Sknkr---r -

Qe —1 (11 —2)! Qe —1 (11 —1)!

WD)~ St~ 2 DSy mmn = Sew k=1p

Skl = k1, k=p+1,m.

From this system we find ay; (j — 1)!, j = 1, p, and substitute it in (23). Therefore G ( — T; x; )
has the form

4 ny ny
Glt-mxd) = 2n) " [ exp{ - ¥ | ¥ k-1 (1 (0" 2k~ D)
. R v=11k=1 k=1
i(x1—Gn)(t—7) 2 =3li(t—7) 2 (xp2— G2+ (t —T) x11) <Sv2 —58y3 + %Svél
459 [ 2k
—4895,5— .. — LI a7 4.5. (Zny—l)smv> kL (2= (t—T) T
(Svk (kA1) sy + 2 k+3) Sykin — wsww T 2k(2k+1)(24k!+2)(2k+7)
+ (_1>]—k SujZk(2k+1) (j+k=2)(2j-1) +eeet (=)™ Fok(2k+1)...(ny+k=2) (21, —1) (27)

(j=k)! (ny—k)!
(2ny—1)

k—1 i
SV”V( Zoka](t]—'ﬂr)] _€Vk>) +"'+n1/ (1’11/—1)...(2711/—1) (t_T)_ 2 iSV}’ZV
j=

Sykpa + o

ny—1 m m 1
_< Z X, — ] évnv> )3 5%1‘1'1‘ )3 (xkl — Cx1) Sk (t_T)_Z] }ds
j=0 k=p+1 k=p+1
(t—o) 1] ﬁk(k+1)...(2k—1).
v=1j=1

In (27) we group the similar terms with respect to s, j, we obtain

p

Git—1,x,¢) = (27-()*”/ exp { —i Z {svl(t — r)*%(xvl — &) + st — T)7%3!
R* rv=1

(x2 — B2+ (xu1 + &) (= T)27) + 503t — T) 723 - 4-5(xy3 — Eus + (X02 + Eu2)
(t - T)z_l + (xvl - gvl)(t - T)le_l) + Sv4(t - T)_24 56" 7(x1/4 - §1/4
+(xy3 + &3) (t—T)27 1+ (x2 — E2) (E — T)Zlo_l + (t=1)?(x1 +&1) 12071) + ..

ny—1

+ny(ny +1) ... (2n, — 1)syy, ( Z Xy, — ](t ‘!T — &, — 27t —7)

~N

ny— ZxV,lv 1—i(t=T) 1y 3xnv ai(t—T) v—2) (28)
< ]EO ]71] gw%—l) + (t_T)2< ]g ]7]1 Guny— )m +-
(= 1)k (g —K) )7 (= Ty R2k (2k 1) L (2K (my — k) — 2)
2k +2(n, —k) —1)(ny ... (2n, — 1))1<k21 % - ﬁvk) (=12
j=0

t— 1) 2(xy0 — o+ (E—T)x01) (2 (1, +1) .. .p(znv —3) ) (—1)met
=) @ = ) (m (2m =2) )7 | = F (2k-1)s%,

v=1k=1

~—~~ o~~~
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5 [sgl—i(xyl—gvl)svl (t—r)*ﬂ }ds(t—r)” T k(k+1)...(2k—1).

v=p+1 v=1k=1

Analyzing (28), we obtain that G(t — 7, x, §) for t > 7, x € R", { € R" is the Fourier
transform of the function s
P ny

n p m B
(27) 7e><1c>{— Y Y (2k-1)s3 - ¥ sgl}(t—r) PI Tl k(k+1)...(2k—1),

v=1k=1 v=p+1 v=1k=1
thus

G(t - T, X C) = (Zﬁ)_n exp { - gl ‘xvl - €v1‘24_1(t - T)_l - 513 DXVZ - CVZ

F (X1 4 E) (E— 1) 271 (= 1) 18035 — Eus + (xu2 + Eu2) (F—T) 271

+ (21 — &) (t— T)2 12—1}2 (t— )70+ 25200}%4 — (3 +83) (E—1)27!
+ (2 — ) (E— r>210-1 ~ <xul — &) (¢ 1)’ 120-1}2 —T) T (k= 1)
K

k=2 PP,
2 (2k = 3)2(2k — 1) (t — 7) (D) ) z x”’”t Lo g (p e
j=0
—é‘uk—1) (t_T>2—1+'_‘+(_1)k l(t(kr_);';! 1>2z(2l+1) .(21+(k (2{ 21))(21+2(k 1)—1)
1 1xv 1)k-2(p—7)(k=2) = ot , 1 (k-1)
<j§071 ]] _5v1> + L ;()k—i—l).(.g.c(;k—fi; o) 4 )k (gk z)) (29)

(1 = &)+ (= 170 (177 20 = 37 2y = 1) (e =) 2

e 1xvn i(t—7)] - my zxvny (t—T) 2
RS N L O S Guny 1) + (E=T)
]:

ny 3 iy t— j — " — k 1x|/ t T
(% xﬂ#—anrz)%+m+<—l> (L B )

fr ]:
(=) K 2k (nyk—2) (KL 2 (1) )2 ()2 (x—Ep (= T) 1)
(n:—k)! n./...r(IZn./—z) <]'§0 Hok (2 ]]' - guk> -+ (=1 Z(Zv-i-l),,,x(zznv_é) )X

ny—1(¢__\ny— 7 2 p ny
e e ) L (- ) # T T k(K +1). . (2 — 2)(2k — 1) 72,
v (2m=3) v=1k=1

Formula (29) shows shifts on the variable x. Reducing similar members, we obtain
n Py _
Git—1,x, &) =212 [] [T k(k+1)...(2k—2)(2k—1)"2(t—1) ¥
v=1k=1

m P
eXP{— gl‘xvl_évl‘z (t_T)il 471 - Z [3}xv2_§v2+(xvl+§vl) (t—1)2 _1}2

(t—r)*3+180|x1,3—§U3+(xvz+gvz>(t—r>z Lt () (- 02120
(t—7) 7> + 25200 |xys — Cos + (Xuz + E3) (= T) 271+ (x00 — &) (t ) 101

+ (01— &) (t—=1)? 1207 P (=) T+ (1) T (k- 1)2 R (2k-3)7 ()
(2k = 1) [xyk = Guk + (t=T) (xpk1 = Gur-1) 27 4+ + <ka—] —(-1) évk—f)

(t—7) (j4+1)...(k+j—=2) (G- ((k=1)k...(2k—=3)) " +...

+ (= (0 ) (- @ Dk @k -3) (- 1)

2n, —3)2 (21, — 1) (t—1) " @V |x,, — & + (E=T) (xg,-1 — En,1) 271+ ...

(3= (D)™ en) (=0T R 1) 26y - 3))‘1‘2} }

wheret — 17 > 0,x € R", ¢ € R".
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Remark. The results can be transferred to the Kolmogorov systems [12,13].
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B poboTi 3HaliaAeHO SBHMII BUTASIA (PYHAAMEHTAaABHOTO PO3B’si3Ky 3aaaui Ko AAst piBHSHHS
Ty KoaMoroposa, 110 Mae CKiHUeHHY KiABKiCTb IpyT IMPOCTOPOBMX 3MiHHMX, 3a SIKMMU € BUPO-
AKeHHsI TapaboAigHOCTi.

Kntouosi crnosa i ppasu: pisHsHHS KoaMoroposa, (pyHAaMeHTaABHIMI PO3B 130K, BUPOAXKEH] Ia-
paboaiuHi piBHSHHSI.

Mannmkas A.IT., Byprasik U.B. @yHoamenmanvrotii peuternue 3adauu Ko 019 00H020 ypasHeHus muna
ypasHerus oupgysuu ¢ unepyueti // Kapmarckue matem. my6a. — 2014. — T.6, Ne2. — C. 320-328.

B pabore Haifae€HO SIBHBIV BUA (PyHAAMEHTAABHOTO pellleHnst 3adauwy Ko arst ypaBHeHNs TiITa
Koamoroposa, MMeroImit KOHEUHOe KOAMUYECTBO I'PYIII IPOCTPAHCTBEHHBIX IIepeMeHHbIX, II0 KOTO-
PBIM eCTb BEIPOXKAEHME ITapabOANIHOCTI.

Kntouesvie cnosa u ¢ppaser: ypasHeHme Koamoroposa, dpyHAaMeHTaABHOE pellleHie, BBIPOXKAEH-
Hble mapaboAMIecKye YpaBHEHMS.



