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ON ORDERS OF TWO TRANSFORMATION SEMIGROUPS OF THE BOOLEAN

We consider the semigroup O(B,) of all order—preserving transformations ¢ : B, — B, of
ordered by inclusion boolean 5, of n-element set (i.e. such transformations that A C B implies
¢(A) C ¢(B)) and its subsemigroup C(B,) of those transformations for which ¢(A) C A for all
A € Bj. Orders of these semigroups are calculated.
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INTRODUCTION

For every partial order < on a set M, two types of transformations of this set arise in a
natural way. A transformation ¢ : M — M is called order—preserving, if for every a,b € M,
a < bimplies ¢(a) < ¢(b), and order—decreasing, if for arbitrary a € M the inequality ¢(a) < a
holds. Both order-preserving and order—decreasing transformations form a semigroup with
respect to the composition of transformations. These semigroups are denoted by O (M, <) and
F (M, <) correspondingly (or just O(M) and F (M), if it is clear what the partial order is).

It is clear that studying of semigroups O(M) and F (M) began from the simplest case,
when M is a finite chain. The semigroup O, of order—preserving transformations of n-element
chain appeared first in paper [1] and corresponding semigroup F, in the book [2].

Studying of these semigroups have been done intensively during last twenty years (see last
chapter of [3] and references). For other partial orders such semigroups have been studied
relatively small (see [4]).

We consider the boolean B, — the set of all subsets of a n-element set N = {1,2,...,n}
naturally ordered by inclusion. In [5] it is proved that order of a semigroup F(B,) is equal to
22""! We calculate orders of semigroups O(B,) and C(B,) = O(B,) N F(By,).

ORDERS OF SEMIGROUPS O(B,,) AND C(B},)

For every subset A C N we can build a vector
xa = (aq,a0,...,04) € {0,1}", where =1 keA,
such that inclusion relation C on B, induces partial order < on the set B, = {0,1}" of boolean
vectors of length n. Recall that boolean function f : B, — {0, 1} is called monotone, if for every
X,y € By, x < yimplies f(x) < f(y). Denote by M, the set of all monotone boolean functions
f:B,— {0,1}.
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Theorem 1. |O(B,)| = |My|".

Proof. Let ¢ € O(By). For every k, 1 < k < n, consider a boolean function ¢ : B, — {0,1}
defined by the rule
¢pr(xq) =1 ifandonlyif ke @(A).
It is clear that for every k function ¢ is monotone.
Consider the map

O(B,) — My x My X -+ x My, o — (@1, 92,...,¢n) .

It is obvious that this map is injective. It suffices to show that it is surjective, i.e. every collec-
tion (¢1, P2, ..., P,) of monotone boolean functions corresponds to some transformation ¢ in
O(By). It is not hard to build such transformation ¢. Really, for every subset A C N define

¢(A) = {k| pi(xa) =1},
then, the transformation ¢ : B, — B, will be order-preserving and for every k we will have
Pr = Y- 0
Theorem 2. [C(B,)| = |M,-1]".

Proof. Since C(B,) C O(B,), similarly, as in the proof of previous theorem, for every trans-
formation ¢ € C(B,) we can construct a collection (¢1, ¢, . .., ¢,) of monotone boolean func-
tions. Note that for order—decreasing transformation ¢, from k ¢ A it follows that k € ¢(A).
Thus, if k ¢ A, then ¢i(x4) = 0.

For a fixed k the set {A € B, | k € A} is naturally identified with the boolean B(N ~ {k})
(which is isomorphic to the boolean B,,_1) as a poset. After that, restriction ¢; of the function
@k to the set of boolean vectors {x4 | k € A} we can consider as a boolean function of n — 1
arguments

Pr(ar, o 0n-1) = @r(er, o a1, 1, 0k, oo, 0-1). (1)

Since for k ¢ A we have ¢i(x4) = 0, then the function ¢ is still monotone, i.e. ¢ € M,,_1.

This gives us the map

C(BH) — Ml’l—l X Ml’l—l X X M?l—l/ 90 — (all 952; .. -/a)/}’l) 7 (2)

which, obviously, will be injective.

Show that this map is surjective, i.e. every collection (¢, 2, . . ., ) of monotone functions
from M,,_1 corresponds to some transformation ¢ in C(B,). For arbitrary k, 1 < k < n, and
a boolean vector x = (ay,...,a,) denote xk) = (@1,...,0¢_1,&41,--.,0n). For every subset
A C N define

p(A) = (ke Al p(x}) =1} 3)
The fact that the transformation ¢ : B, — B, is order-decreasing follows from (3). Now, let

A D B. If k € ¢(B), then ¢k(x1(3k)) = 1. However, x4 > xp, and since ¢ is monotone, it
follows that ¢k(x(:)) = 1. Hence, k € ¢(A) and ¢(A) D ¢(B). Therefore, transformation ¢

is order-preserving too and ¢ € C(B,). Finally, from equalities (3) and (1) it follows that for
every boolean vector (a1, ap, ..., 0,_1)

gﬁk((xl,ag,. . .,Dén_l) =1 <+—= tpk(ocl,ocz,...,ocn_l) = 1,

that is, ¢y = § for all k. Thus, a transformation ¢ is a pre-image of a collection (1, 2, ..., )
with respect to a map (2).
Therefore, the map (2) is a bijection and |C(B,)| = |[M,—1|". O
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From theorems 1 and 2 the next corollary follows.
Corollary. |O(B,)["™! = |C(B,11)|"

Note that the numbers |M,,| are called Dedekind numbers. They arise in many problems of
algebra and combinatorics. In particular, the number |M,| is equal to the order of the free
distributive lattice of rank n completed with zero and unit. The problem of the computation
of these numbers is very difficult. For the moment there are neither known formulas nor
even algorithms, that are more effective than exhaustive search of monotone functions. One
can find estimates of different kinds (lower, upper, asymptotic) for these numbers in a serious
survey [6].
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Posrasiaatorsest Hamisrpyma O([3,,) Bcix MOHOTOHHMX IlepeTBOpeHs ¢ : B, — I3, BIOpsIAKOBa-
HOTO 3a BKAIOUEHHSIM byAeaHy B, 1-eAeMeHTHOI MHOXMHM (TOOTO THX ITlepeTBOPEHD, AAS SIKMX i3
A C B sumnmsae ¢(A) C ¢(B)) Ta ii miagamisrpymna C(5,)) ™ix meperBopens, Ars sikux ¢(A) C A
AAsBcix A € By TliapaxoBaHO IOPSIAKY IIMX HAIBIPYTI.

Kntouosi cnoea i ppasu: HaiBrpyIa, MOHOTOHHE IIEpPETBOPEHHS, CTUCKYIOUe IIepeTBOPEHHSI, MO-
HOTOHHI byAeBi pyHKIII.
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Paccmarpusatorest moayrpyma O(1B,,) Bcex M30TOHHBIX IpeobpasoBarit ¢ : B, — B, ymopsi-
AOUEHHOTO OTHOIIIEHNEM BKAIOUeHMsI OyaeaHa By, 1-3AeMeHTHOTO MHOXeCTBa (TO eCTb TeX IIpeobd-
pasoBarmi, Aast KoTopbix 13 A C B caeayer ¢(A) C ¢(B)) u ee noanoayrpyrma C(13,,) Tex mpeob-
pasoBarmt, AAst KOTOPBIX ¢(A) C A anst Bcex A € By,. [ToACUMTaHbI TOPSIAKY STUX TOAYTPYIIIL.

Kntouesvie c06a u ¢ppasvi: TOAYTPYIIIIa, M30TOHHOE Ipeobpa3oBaHye, Mpeobpa3oBaHye ¢ yHbIBa-
JOIIVIM TTOPSIAKOM, MOHOTOHHBIE Oy AeBbI (PYHKIVIL.



