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SYMMETRIC CONTINUOUS LINEAR FUNCTIONALS ON COMPLEX SPACE L0, 1]

We prove that every symmetric continuous linear functional on the complex space Le[0, 1] can
be represented as a Lebesgue integral multiplied by a constant.
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INTRODUCTION

Let Lo [0, 1] be the space of all measurable complex-valued essentially bounded functions
on [0,1] with norm ||x|| = esssup,(y[x()]. Let Z be the group of all measurable transforma-
tions of [0, 1], which preserve measure. A functional f : L[0,1] — C is called symmetric if for
every x € Lo[0,1] and 0 € E

flxoo) = f(x).
In [1, 2, 3, 4] symmetric polynomials are studied in £, and L,[0, 1] spaces when 1 < p < co.
Gonzales, Gonzalo and Jaramillo in [3] proved that every symmetric polynomial on L, [0, 1] is
an algebraic combination of the elementary symmetric polynomials

Ra(x) = /[O/”(x(t))" dt.

Proof of this result is based on the separability of L,[0, 1] spaces. That is why the idea of this
proof cannot be used in the case of symmetric polynomials on Le [0, 1].

In this paper we restrict our attention to symmetric linear functionals as the most simple
case of polynomials. Our purpose is to show that every symmetric continuous linear func-
tional on Le [0, 1], like in the case of L, [0,1] when 1 < p < oo, is proportional to R;.

THE MAIN RESULT

We denote by x 4 the characteristic function of the set A C [0, 1], i.e. the function

1, ifte A,
xalt) = {

0, otherwise.

Theorem. Every symmetric continuous linear functional f : L [0, 1] — C can be represented
as f(x) = kf[(m x(t) dt, where k = f()([(m).
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Proof. Let A be a measurable subset of [0, 1]. Define the function o4 : [0,1] — [0,1] by
oa(8) :{ u([0,t)NA), ] %ftE/E,
u(A)+u([0,tjNA), ift e A,
where A = [0,1] \ A. Clearly, 04 € E. Let [0,b] C [0,1] and let d € R be such that [d,b + d] C
[0, 1]. Since X{44+d] = X[0,6] © O[d,p+4) @0d f is symmetric, it follows that
fXiap+a) = f(X0))-
For n € IN we have

f(X[O,l]) = f( 27:1 X[FTl,%}) = Z?:1f(x[f*71,%}) = 2;121 f(X[ol%]) = nf()([(),%])-

Hence,f()([0 1}) = k-%. Form € Z,0 < m < n, we have

fxiom) = £ K 1)) = mf Qg ) = k-
Hence, for every g € [0,1] N Q
f(X[0,q)) = kg (1)
Letr € [0,1] and let n € IN be such that nr € [0,1]. Then
fXjom) = f (2?21 X((i-1)rjr) = 1f (Xo,1)- ()

Let us prove that for every r € [0,1]
f(X[O,r]) = kr.
Letg: [0,1] — C, g(t) = f(X[o4)- Forry,r2 € [0,1] such that r1 +r2 € [0, 1] we have
g(rl + TZ) :f(X[O,r1+r2]> = f(X[O r1] ) f( Xlr1,r1412] )

3)
=f(X(on]) + f(X[0,r]) = 8(r1) + g(12).

Hence, g is additive.
Suppose that there exists « € (0,1) such that g(a) # ka. For n € IN choose a, € (0,4) N Q
such that a — a, < % and t, = n(a — a,). By (1), (2) and (3)
8(tn) = n(g(a) — g(an)) = n(g(a) —kan) = n(g(a) —ka) + nk(a — an)
and
8 (tn)| = nlg(a) —ka| —nlk(a —an)| > ng(a) — kaf — |k|.
So, g is unbounded. This contradicts the fact that f is continuous. Hence, for every r € [0, 1]

f(X[O,r]) = kr.
Let A be the measurable subset of [0, 1]. Since x4 = X[o,(a)] © 74, it follows that
fxa) = f(Xjoucay) = ku(A). (4)

For every x € Loo[0, 1] there exists a sequence {x,}°°_; of measurable simple functions with
finite range of values, which uniformly converges to x. Every x, can be represented as

xu(t) = Y0 YinXay, (1),

where A; , are the disjoint measurable subsets of [0,1] and Yjn € C. Then by (4)

)= kY i (Ajn) = k/[o,u xu(t) dt.

By the continuity of f

Flo) = Jim, o) = K Jim [ (0t =k [ x(o)r
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B poboTi A0BeAeHO, 110 KOXeH CUMMeTPUYHIIA HellepepBHII AiHIHMI DYHKITIOHAA Ha KOMIIAe-
KCHOMY IpOCTOpi Loo [0, 1] MOXHA TOAATH y BUTASIAL iHTerpana Aebera, IOMHOXEHOTO Ha KOHCTAHTY .

Kntouosi cnosa i ppasu: cMMeTPUIHMIA AiHIVHMI OyHKITIOHAA.

Bacuaniims T.B. Cummempuueckiie HenpepoigHole TuHeliHbie PYHKYUOHAbL HA KOMNIEKCHOM NPOCTPAH-
cmse Leo[0,1] // Kapmarckme marem. my6a. — 2014. — T.6, Nel. — C. 8-10.

B paboTe A0Ka3aHO, YTO KaXKABI CMMMeTPIIECKII HelIpephIBHBIN AMHEVHbINA (pyHKIIMOHAA Ha
KOMIIAEKCHOM IIPOCTPaHCTBE Lo, [0, 1] MOXHO IpeACTaBUTD B BIAE MHTerpasa Aebera, yMHOXEHHOTO
Ha KOHCTaHTY.

Kntouesvie c106a u ppasvl: CUMMETPUYECKMI AMHEVHbIV (pyHKIIMOHAA.



