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ASYMPTOTIC BEHAVIOR OF ENTIRE FUNCTIONS OF IMPROVED REGULAR

GROWTH IN THE METRIC OF Lp[0, 2π]

We describe an asymptotic behavior of entire functions of improved regular growth with zeros

on a finite system of rays in the metric of Lp[0, 2π].
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1 INTRODUCTION AND MAIN RESULT

The asymptotic behavior of entire and meromorphic functions of positive order of com-

pletely regular growth (for details, see [2, 3, 5, 11]) in the metric of Lp[0, 2π] was described in

[6, 11, 12, 13]. Similar results for entire functions of zero order whose zero-counting functions

are slowly increasing were obtained in [1]. In particular, from [11, Theorem 7.2, p. 78] it follows

the following statement.

Theorem A. If an entire function f of order ρ ∈ (0,+∞) with the indicator h(θ, f ) is of com-

pletely regular growth, then for any p ∈ [1,+∞)

lim
r→+∞

{
1

2π

∫ 2π

0

∣∣∣∣
log | f (reiθ)|

rρ − h(θ, f )

∣∣∣∣
p

dθ

}1/p

= 0.

Conversely, if for some entire function f , f (0) = 1, there exist p ∈ [1,+∞) and h̃ ∈ Lp[0, 2π]

such that

lim
r→+∞

{
1

2π

∫ 2π

0

∣∣∣∣
log | f (reiθ )|

rρ − h̃(θ)

∣∣∣∣
p

dθ

}1/p

= 0,

then f is of completely regular growth and h̃(θ) = h(θ, f ) for almost all θ ∈ [0, 2π].

The aim of the present paper is obtain an analog of Theorem A for entire functions of

improved regular growth with zeros on a finite system of rays (see [4, 7, 8, 9, 10, 14]).

An entire function f is called a function of improved regular growth (see [7, 8, 9, 10, 14]) if

for some ρ ∈ (0,+∞) and ρ1 ∈ (0, ρ), and a 2π-periodic ρ-trigonometrically convex function

h(ϕ) 6≡ −∞ there exists the set U ⊂ C contained in the union of disks with finite sum of radii

and such that log | f (z)| = |z|ρh(ϕ) + o(|z|ρ1), U 6∋ z = reiϕ → ∞.

If an entire function f is a function of improved regular growth, then it has the order ρ and

indicator h [14]. Our main result is the following theorem.
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Theorem 1. An entire function f of order ρ ∈ (0,+∞) with zeros on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is a function of improved

regular growth if and only if for some ρ2 ∈ (0, ρ) and any p ∈ [1,+∞), one has

{
1

2π

∫ 2π

0

∣∣∣∣
log | f (reiϕ)|

rρ − h(ϕ)

∣∣∣∣
p

dϕ

}1/p

= o(rρ2−ρ), r → +∞. (1)

2 PRELIMINARIES

Let f be an entire function with f (0) = 1, let (λn)n∈N be the sequence of its zeros, let p

be the smallest integer for which ∑
∞
n=1 |λn|−p−1

< +∞, let Qρ be the coefficient of zρ in the

exponential factor in the Hadamard-Borel representation [5, p. 38] of an entire function of finite

order, and let ck(r, log | f |) be the Fourier coefficients of log | f |, i.e.

ck(r, log | f |) :=
1

2π

∫ 2π

0
e−ikϕ log | f (reiϕ)| dϕ, k ∈ Z, r > 0.

Further, let f be an entire function of order ρ ∈ (0,+∞) with zeros on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π. Furthermore, if ρ is noninteger

and f is a function of improved regular growth, then an indicator h of f has the form ([8, 10, 14])

h(ϕ) =
m

∑
j=1

hj(ϕ),

where hj(ϕ) is a 2π-periodic function such that on [ψj, ψj + 2π)

hj(ϕ) =
π∆j

sin πρ
cos ρ(ϕ − ψj − π), ∆j ∈ [0,+∞).

In the case ρ ∈ N, the indicator h is defined by the formula ([8, 9, 10])

h(ϕ) =





τf cos(ρϕ + θ f ) +
m

∑
j=1

hj(ϕ), p = ρ,

Qρ cos ρϕ, p = ρ − 1,

where δ f ∈ C, τf = |δ f /ρ + Qρ|, θ f = arg(δ f /ρ + Qρ) and hj(ϕ) is a 2π-periodic function such

that on [ψj, ψj + 2π) we have

hj(ϕ) = ∆j(π − ϕ + ψj) sin ρ(ϕ − ψj)−
∆j

ρ
cos ρ(ϕ − ψj).

Lemma 1 ([8]). If an entire function f of order ρ ∈ (0,+∞) with zeros on a finite system of

rays {z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is of improved regular

growth, then for some ρ3 ∈ (0, ρ)

ck(r, log | f |) = ckrρ +
o(rρ3)

k2 + 1
, r → +∞, (2)

holds uniformly in k ∈ Z, where

ck :=
1

2π

∫ 2π

0
e−ikϕh(ϕ) dϕ =

ρ

ρ2 − k2

m

∑
j=1

∆je
−ikψj, ∆j ∈ [0,+∞),



ASYMPTOTIC BEHAVIOR OF ENTIRE FUNCTIONS OF IMPROVED REGULAR GROWTH 343

for a noninteger ρ, and

ck =






ρ

ρ2 − k2

m

∑
j=1

∆je
−ikψj, |k| 6= ρ = p,

τf eiθ f

2
−

1

4ρ

m

∑
j=1

∆je
−iρψj , k = ρ = p,

0, |k| 6= ρ = p + 1,
Qρ

2
, k = ρ = p + 1,

if ρ is an integer.

Remark that, using Lemma 1 and the Riesz-Fischer theorem [11, p. 5], we get that there ex-

ists an indicator h ∈ L2[0, 2π] defined by the equality h(ϕ) := ∑
k∈Z

ckeikϕ (see [11, Definition 7.2,

p. 77]).

3 PROOF OF THEOREM 1

Necessity. If an entire function f of order ρ ∈ (0,+∞) with zeros on a finite system of rays

{z : arg z = ψj}, j ∈ {1, . . . , m}, 0 ≤ ψ1 < ψ2 < . . . < ψm < 2π, is of improved regular growth,

then by (2), we have ∣∣∣∣
ck(r, log | f |)

rρ − ck

∣∣∣∣ ≤
C

k2 + 1
, k ∈ Z, (3)

for some constant C > 0 and all r > 0. In view of this, the sequence (r−ρck(r, log | f |) − ck)k∈Z

belongs to the space lq for all q > 1 and r > 0. Moreover, applying the Hausdorff-Young

theorem [11, p. 5], for p ≥ 2, p−1 + q−1 = 1, we get

{
1

2π

∫ 2π

0

∣∣∣∣
log | f (reiϕ)|

rρ − h(ϕ)

∣∣∣∣
p

dϕ

}1/p

≤

{

∑
k∈Z

∣∣∣∣
ck(r, log | f |)

rρ − ck

∣∣∣∣
q
}1/q

.

According to (3), the last series is uniformly convergent with respect to r. Therefore, using

Lemma 1, we obtain (1) for p ≥ 2. From this and Hölder’s inequality it follows that (1) holds

for 1 ≤ p < 2.

Sufficiency. Let (1) holds. Then for some ρ2 ∈ (0, ρ) and each k ∈ Z

∣∣∣∣
ck(r, log | f |)

rρ − ck

∣∣∣∣ ≤
1

2π

∫ 2π

0

∣∣∣∣
log | f (reiϕ)|

rρ − h(ϕ)

∣∣∣∣ dϕ

≤

{
1

2π

∫ 2π

0

∣∣∣∣
log | f (reiϕ)|

rρ − h(ϕ)

∣∣∣∣
p

dϕ

}1/p

= o(rρ2−ρ), r → +∞.

Hence, for some ρ2 ∈ (0, ρ) and each k ∈ Z we get ck(r, log | f |) = ckrρ + o(rρ2), r → +∞. Then

by [10, Theorem 1, p. 1718] an entire function f is a function of improved regular growth. This

concludes the proof of the theorem.
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