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POSITIVE DEFINITE BRANCHED CONTINUED FRACTIONS OF SPECIAL FORM

Research of the class of branched continued fractions of special form, whose denominators do
not equal to zero, is proposed and the connection of such fraction with a certain quadratic form
is established. It furnishes new opportunities for the investigation of convergence of branching
continued fractions of special form.
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INTRODUCTION

The convergence problem of the continued fractions and their generalizations — branched
continued fractions (BCF) — is that on the basis of information on the coefficients of fraction to
conclude about of its convergence or divergence. Using the methods of majorants, fundamen-
tal inequalities, theorems about compact family of holomorphic functions, the convergence of
some numerical and functional BCF of special form are investigated in [1, 2, 3, 5, 6, 7]. Taking
into account the formulas for the numerators and denominators of approximants as determi-
nants, the properties of positive definite BCF are defined and considered in the monograph
[4, pp. 130-137]. The criteria of positive definite of the BCF established here are sufficient as
opposed to one-dimensional case, where the analogous conditions are also necessary. As a
result, for bounded and real multidimensional J-fractions the properties are studied and the
criteria of convergence are established [4, pp. 141-146].

In this paper we have defined class of BCF whose denominators do not equal to zero — pos-
itive definite BCF of special form. Representing denominators as determinants, the connection
between the about mentioned fraction and the certain quadratic form is established. Moreover,
for BCF of special form the sufficient and necessary conditions of the positive definiteness are
established.

1 DEFINITION OF A POSITIVE DEFINITE BCF OF SPECIAL FORM

We consider BCF of the form
1 1
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where a5, v > 0,5 >0, r #1,r+5 > 2,b,5, v > 0,5 > 0,7+ 5 > 1, are complex numbers, z;s,
r>0,s >0,r+s > 1, are complex variables. Let z = (219, 201, 220, 211, Z02, - - -) be an infinite-
dimensional vector and 7 be an arbitrary natural number. By curtailing the nth approximant

1
fu(z) = &5 + n — a2 ’ 2)
bor + zo1 — 1 + Os —
! LC],:_)ZbOs:‘}'ZOS_q)’s1 )
where
_ 1
D, " = % 0<p<n-1,

—a
bip+zip+ ) b

of BCF (1) top-down without any shortening in the intermediate operations (see [4, pp. 15-27]),
we obtain its representation as a ratio

fn(z) = Bn(Z) ’/ (3)

where A, (z), B,(z) are polynomials of variables z,5, 7 > 0,5 > 0,1 < r+s < n, and constant
numbers a,s, 7 > 0,5 >0,r #1,2<r+s<n, by, r>0,s>0,1<r+s<n.

The numerator of ratio (3) A,(z) is called nth numerator and denominator B,(z) — nth
denominator of the approximant (2).

Obviously that for any n > 1 each positive integer j < n(n + 3)/2 can be uniquely written
as

j=1+24+---+(r—1)+r+s, (4)

where1 <r <n,0 <s <r. We consider the symmetric matrix

€11 €12 e C1,n(n+3)/2
C21 C22 e CZ, 3)/2
Cn(n+3)/2 = n(n+3)/ , n>1l, )
Cn(n+3)/21 Cn(n+3)/22 -+ Cn(n+3)/2,n(n+3)/2
whose elements are related to the components of BCF (1) as follows: cjj = by_ss + zr—s,s;
Cijtril = Citrilj = =1, Cijrri2 = Cjpriaj = —aoy41, if s =1, ie, j=r(r+3)/2;¢jjyr1 =
Citrilj = —fr—s+1,s 1f 0 <s <7;¢;j = 0 otherwise; where 1 <i,j < n(n+3)/2,n>1,rands

are determined from the decomposition number j as (4).
By arguments similar to the proof of the lemma 4.1 [4, pp. 130-132], we can show that
following lemma holds.

Lemma 1. The denominators of the BCF (1) are given by the formulas B, (z) = detC,(,3)/2,
n > 1, where Cy (., 3)/2, 1 > 1, are matrices as (5).

Let n be an arbitrary natural number,

3)/2
X = (X10,X01, - - - Xn0) X—11, - - -, Xou) € C"1F3)/2,
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We consider the system of homogeneous linear equations C,(,,;3)/2X» = 0, namely,

( (D10 + z10)x10 — a20%20 = 0,

(bo1 + zo1)xo1 — X11 — ap2Xe2 = 0,

—ap0x10 + (b2o + 220)X20 — a30x30 = O,

—xo1 + (b11 + z11)X11 — a21x21 = 0,

—ap2Xo1 + (bo2 + z02)X02 — X12 — Ag3X03 = 0, ©)
—n0Xpn—1,0 + (buo + zn0)Xno = 0,

—p—11%n—-2,1 + (bu—1,1 +Zn—1,1)%n-11 =0,

—anX0,n—1 + (bon + Zon ) Xon = 0.

Let us multiply the equations (6) by X190, Xo1, ..., Xon, respectively, and add the resulting equa-
tions. This gives

n n

n

Z (brs + er) |xrs |2 - Z ﬂrs(xrsfrflJrero,sf&ro + xr71+5r0,sf§,0frs) _Z (xlsXOS + xOsxls) =0, (7)
,5=0 ,6=0 =1

rr—b—S521 H—erSZ,r;él ’

where 6y, is the Kronecker symbol. We put s = Imbys, yys = Imz5, 7 >0, s >0, r+5 > 1,
ars =Imay, v >0, >0, r#1, ¥+ s > 2, and suppose that

n n
Z (Brs + yr5)|xr5|2 - Z Wrs (XrsXp—146,0,5—0,0 T Xr—146,0,5—6,0%rs) > 0 (8)
rrfszzol r+sr§2:,95£1
for .
Yrs >0, 71>0,8>0,1<r+s<n, ) |52 > 0. 9)

Lemma 2. For an arbitrary natural number n by conditions (9) the inequality (8) is equivalent
to non-negative definite of the real quadratic form

n n
Z ,BrSﬁs -2 Z “rsgrsgerero,sfﬁro >0, (10)
r,s=0 r,s=0
r+s>1 r+s>2
r#1

where ¢rs, v > 0,5 > 0,1 < r+ s < n, are arbitrary real numbers.

Proof. Let n be an arbitrary natural number and let the inequality (8) holds for arbitrary com-
plex numbers x,5, 7 > 0,5 > 0,1 < r 45 < n, such that the conditions (9) holds. In particular,
the inequality (8) holds iff x;s = &5, > 0,5 > 0,1 < r 4 s < n. In the inequality (8) we replace
the x;5 by the real numbers ¢,s (r > 0,s > 0,1 < r 4+ s < n) and pass to limit in the both parts
of this inequality as y,s — 0 (r > 0,5 > 0,1 <r 45 < n). Then we obtain (10).

Let for an arbitrary natural number 7 the inequality (10) holds and let x,s = 1,5 + ivss, 7 > 0,
s > 0,1 <r+s < n. We then write the left-hand member of (8) in the form

n n n n n
Z ﬁrsugs -2 Z KysUrsUy 145,056, T Z ﬁrsvgs -2 Z KysUrsUr—14-8,0,5—6,0 T Z ]/rs|xrs|2/

r,5=0 r,s=0 r,s=0 r,s=0 r,s=0
r+s>1 r+s>2 r+s>1 r+s>2 r+s>1
r#1 r#1

from which (8) follows by conditions (9). O
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We now make the following definition.

Definition. The BCF (1) is said to be positive definite if the quadratic form (10) is non-negative
definite for arbitrary natural number n and for all real values of {5, v > 0,5 > 0,7 +s > 1.

Theorem 1. If the BCF (1) is positive definite, then its denominators B, (z), n > 1, do not equal
to zero forImz,s > 0,r > 0,s > 0,r+s > 1.

Proof. For each natural n the system of homogeneous linear equations (6) has the trivial solu-
tion (all variables equal to zero) iff B,(z) # 0. Since (7) is corollary of the system of equations
(6), obviously the system of equations has only a trivial solution, if the conditions of theorem
(7) holds iff x,s = 0, > 0,s > 0,1 < r+s < n.Indeed, if (10) holds, then (8) holds via
lemma 2, and thus (7) holds iff

n
Z |xrs|2 =0

r,s=0
r+s>1

for each natural n. O

We shall now prove the following theorem, which furnishes a parametric representation
for the coefficients of a positive definite BCF of special form.

Theorem 2. The BCF (1) is positive definite iff both the following conditions are satisfied.
A) The imaginary parts of the numbers b,s, v > 0,5 > 0,7 4+ s > 1 are all non-negative

ﬁrS:Imbrszol T’ZO,SEO, r+SZl. (11)
B) There exist numbers g;s,v > 0,s > 0,r 4+ s > 1, such that
0<gs <1 r>0,5>0r+s>1, (12)

and
‘ng = 5755r+5,0—1,s—6,0(1 - gr+5,0—1,s—5,0)grs, r>0,s>0,r#1,r+s>2, (13)
where ays = Imays, v > 0,5 > 0,7 # 1,7+ 5 > 2, 6y, is the Kronecker symbol.

Proof. Let n be an arbitrary natural number. Let arbitrary p and q be given, such that p > 0,
q>0,1<p+g<mnputin(10) &y # 0and ;s = 0 otherwise. Then the inequality (10)
we write in the form ﬁpq(;‘"%q > 0. It follows that the conditions (11) are necessary. Let g be
an arbitrary number, g > 0, {; # 0, 7 > 1, and all other cases {;s = 0. Then according to
theorem 16.2 [8, pp. 67-68] for s = g the conditions (12) and (13) are necessary, i.e., there exist
the numbers g,;, ¥ > 1, such that 0 < ¢,y <1, > 1,and och = BrgBr-1,4(1 — &r-1,4)8rq, 7 > 2.
If Cos # 0, s > 1, and all other cases ¢;s equal to 0, then according to theorem 16.2 [8, pp. 67-68]
for r = 0 the conditions (12) and (13) are also necessary.
Let the conditions (11)—(13) holds. Then

n

n n—1
Z ﬁrsgzs -2 Z UrsCrsCrid,—15—69 = Z ﬁlsgué‘i + Z Brs(1 — grs)Cfs
0 s=0

r,6=0 r,s= r+s=n
r+s>1 r+s>2 r,6>0
r#1
n 2
2
+ 501801601 + Z [\/ﬁr+o’,o—1,s—6ro(1 - 8r+(5,0—1,s—5,0) Cr+o‘,0—1,s—o‘,0 + V ﬁrsgrs Crs ’

r,s=0

r+s>2

r#1

where "+" is taken, if a,s < 0, and "—" is taken, if a,s > 0, from which (10) follows. O
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By arguments similar to the proof of the theorem 4.6 [4, pp. 135-137], we can show that
following theorem holds.

Theorem 3. If for natural n the quadratic form (10) is non-negative definite, then the quadratic

form
n

n
2
Z ,Brsgrs_2 Z “;sgrsgr—o—o}o—l,s—o}o
r,5=0

r,s=0 ,S=
r+s>1 r+s>2
r#1

is also non-negative definite for |a),| < |ays|, 7 >0,s>0,r #1,2<r+s<n.
Corollary. In theorem 2 we may replace the conditions (13) by the following ones
075 < BrsBrisg15-00(1 = 8ri50-15-00)8rs T>0,8>0,r#1, r+s>2, (14)
where0 < ;s <1,r>0,s >0, r+s> 1.
Since |a2,| — Re(a%) = 2a% foreachrs,r >0, s >0, r # 1, r +5s > 2, then the conditions
(14) we may write in the form
’“35’ - Re(a%s) < 2BrsBrro-15-0,0(1 — Grid,0-15-6,0)8rs, 120,5>0,r#1, r+s>2, (15

where0 < ¢,s <1,r>0,5s>0,r+s> 1.

2 THE EXAMPLES OF A POSITIVE DEFINITE BCF OF SPECIAL FORM

We consider fraction

1 1
q)0+ 7 q)pzil PZO/

=N A0s Arp
1+®+]) 1+])=F
5:21+q)5

where a;5,7 > 0,5 > 0,7 # 1, v+ 5 > 2, are complex constants. By an equivalent transforma-
tion we reduce its to the form

i 1
oo _C% 4 Tp_ 00_2’
1 BZ_TS

i+ rp
T
where c%s =a, > 0,5 >0,v #1,r+s > 2. Than, taking into account that all B,; = 1, the
conditions (15) for BCF (16) we write in the form

- !

|C$s| - Re(cfs) < 2(1 - 8r+5r071,s—5r0)8rs/ r>0,s>0,r 7é L, r+s>2, (17)

where0 < ¢,s < 1,r>0,s>0,r+s > 1. Ifweputg,s =1/2,r >0,s > 0,r+s > 1, this
reduces to the parabola regions

2| —Re(ck)<1/2, r>0,5>0,r#1, r4s>2
If thecys, ¥ > 0,5 >0, r #1,r+ s > 2, are pure imaginary, then (17) reduces to
ycgs’ S (1 - ngr(Srofl,S*(Sro)g}’Sr r Z Or 5 Z 0/ r 7& 1/ 1"" s Z 2/

where0 < ¢,s <1,r>0,5s>0,r+s> 1.
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CONCLUSION

An established connection between the positive definite BCF of special form and the certain
quadratic form furnishes us new opportunities of approach to the convergence problem of the
BCF of special form.

REFERENCES
[1] Antonova T.M. On a simple circular set of absolute convergence of branched continued fractions of special form.
Carpathian Math. Publ. 2012, 4 (2), 165-174. (in Ukrainian)

[2] Baran O.E. Even circular region of convergence of branched continued fractions with nonequivalent variables. Math.
Methods Phys. Mech. Fields 2009, 52 (4), 73-80. (in Ukrainian)

[3] Bodnar D.I., Bubnyak M.M. On the convergence of the 1-periodic branched continued fractions of special form. Math.
Bull. Shevchenko Sci. Soc. 2011, 8, 5-16. (in Ukrainian)

[4] Bodnar D.I. Branched continued fraction. Naukova Dumka, Kiev, 1986. (in Russian)

[5] Bodnar D.I.,, Dmytryshyn R.I. Some criteria of convergence of branched continued fractions with nonequivalent vari-
ables. Bull. of Lviv Univ. Mech. Math. Series 2008, 68, 28-36. (in Ukrainian)

[6] Dmytryshyn R.I. An effective criteria of convergence of branched continued fractions with nonequivalent variables. Sci.
Bull. Chernivtsi Univ. Math. Series 2008, 374, 44-49. (in Ukrainian)

[7] Dmytryshyn R.I. Some region of convergence of multidimensional J-fractions with nonequivalent variables. Math.
Bull. Shevchenko Sci. Soc. 2011, 8, 69-77. (in Ukrainian)

[8] Wall H.S. Analytic theory of continued fractions. Van Nostrand, New York, 1948.

Received 30.04.2013
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3anpoIIOHOBAHO AOCAIAKEHHS KAACy TiAASICTVX AQHITFOTOBMX APObiB CITelliaAbHOTO BUTASIAY, 3Ha-
MEHHUKM SIKVMX BiAMiHHI BiA HyAsl. BcTaHOBAEHO 3B’s130K Takoro Apoby 3 IIeBHOX KBaApPaTHMUHOIO
dopMoIo, MO Aa€ HOBi MOXKAMBOCTI AASI AOCAIAMKEHHS 361KHOCTI TiAASICTMX AQHIIFOTOBUX APObGiB
CTIeliaAbHOTO BUTASIAY.

Kntouosi cnosa i ppasu: AOAATHO BU3HAUEHVIA FiANSICTVIAL AQHITIOTOBIIA APib cIeliaABHOTO BUTASI-
Ay, KBaapaTHuHa dpopma.

Amurpyme P Tonoocumenvio onpedenenHvie semesujuecs yentote 0podu cheyuanvHozo suda //
KapmnaTckme maTemaTtmdeckue my6bamkamym. — 2013. — T.5, Ne2. — C. 225-230.

ITpeAArOXKEHBI MCCACAOBAHNS KAACCa BETBSIIVXCS LIEMHbBIX Apobell CIIeIMaAbHOIO BUAA, 3HaAMe-
HaTeAM KOTOPBIX OTAMYHBI OT HyAsL. YCTaHOBA€HA CBSI3b TaKOM APOOY C OIIpeAeA€HHOM KBaApaTiy-
HOVt (pOPMOIE, UTO AaeT HOBble BO3ZMOXHOCTM AASI MICCA@AOBAHMS CXOAMMOCTH BETBSIIIVXCS IeTTHbIX
Apobelt CIIeIMaAbHOTO BYAQ.

Kouesvie cn06a 1 ¢ppasvl: MOAOXKUTEABHO OIpeAeAeHHasl BeTBSIIAsICS LelHas APObb CIeIasb-
HOTO BMAQ, KBaApaTHdHasi popma.



